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FOUNDATIONS OF ECONOMIC ANALYSIS
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CHAPTER 1
INTRODUCTION

The existence of analogies between cenlral features of various theories
implies the existence of a general theory which underlies the particular
theories and unifies them with respect to those central features. This
fundamental principle of generalization by abstraction was enunci-
ated by the eminent American mathematician E. H. Moore more
than thirty years ago. It is the purpose of the pages that follow
to work out its implications for theoretical and applied economics.

An economist of very keen intuition would perhaps have sus-
pected from the beginning that seemingly diverse fields—produc-
tion cconomics, consumer’s behavior, international trade, public
finance, business cycles, income analysis—possess striking formal
similarities, and that economy of effort would result from analyzing
these common elements.

I can make no claim to such initial insight. Only after labori-
ous work in each of these fields did the realization dawn upon me
that essentially the same incqualities and theorems appeared again
and again, and that I was simply proving the same theorems a
wasteful number of times.

I was aware, of course, that each field involved interdependent
unknowns determined by presumably efficacious, independent equi-
librium conditions—a fact which has always been generally real-
ized. But, and this leads me to the second fundamental purpose
of this work, it had not been pointed out to my knowledge that
there exist formally identical meaningful theorems in these fields,
each derived by an essentially analogous method.

This is not surprising since only the smallest fraction of eco-
nomic writings, theoretical and applied, has been concerned with
the derivation of operationally meaningful theorems. In part at
least this has been the result of the bad methodological precon-
ceptions that ecanomic laws deduced from a priori assumptions
possessed rigor and validity independently of any empirical human
behavior. But only a very few economists have gone so far as this.

3



4 FOUNDATIONS OF ECONOMIC ANALYSIS

The majority would have been glad to enunciate meaningful
theorems if any had occurred to them. In fact, the literature
abounds with false generalization.

We do not have to dig deep to find examples. Literally
hundreds of learned papers have been written on the subject of
utility. Take a little bad psychology, add a dash of bad philosophy
and ethics, and liberal quantities of bad logic, and any economist
can prove that the demand curve for a commodity is negatlvely
inclined. His instinct is good ; the attempt to derive a meanmgful
useful theorem is commendable—much more so than the innecuous
position that utility is always maximized because people do what
they do. How refreshing then is a paper like Slutsky’s! which
attempted, with partial success, to deduce once and for all the
hypotheses upon price-quantity budget behavior implied in the
utility approach.

The economist has consoled himself for his barren results with
the thought that he was forging tools which would eventually yield
fruit. The promise is always in the future; we are like highly
trained athletes who never run a race, and in consequence grow
stale. It is still too early to determine whether the innovations
in thought of the last decade will have stemmed the unmistakable
signs of decadence which were clearly present in economic thought
prior to 1930.

By a meaningful theorem 1 mean simply a hypothesis about
empmcal data which could conceivably be refuted if only under
ideal conditions. A meaningful theorem may be false. It may
be valid but ol trivial importance. Its validity may be indetermi-
nate, and practically difficult or impossible to determine. Thus,
with existing data, it may be impossible to check upon the hy-
pothesis that the demand for salt is of elasticity —1.0. But it is
meaningful because under ideal circumstances an experiment could
be devised whereby one could hope to refute the hypothesis.

The statement that if demand were inelastic, an increase in
price would raise total revenue is not a meaningful theorem in this
sense. It implies no hypothesis—certainly not even that a demand
exists which is inelastic—and is true simply by definition. It may
possibly have had a certain ‘‘psychological’’ usefulness in helping
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economists ask the right questions of the facts, but even here 1
have some doubts.

In this study I attempt to show that there do exist meaningful
theorems in diverse fields of economic affairs. They are not de-
duced from thin air or from a priori propositions of universal truth
and vacuous applicability. They proceed almost wholly from two
types of very general hypotheses. The first is that the conditions
of equilibrium é_f'g"g(i—umo the maximization (minimization)
of some magmtude Part I deals with this phase of the subject in
a reasonably exhaustive fashion.

However, when we leave single economic units, the determina-
tion of unknowns is found to be unrelated to an extremum position.
In even the simplest business cycle theories there is lacking sym-
metry in the conditions of equilibrium so that there is no possibility
of directly reducing the problem to that of a maximum or mini-
mum. Instead the dynamical properties of the system are speci-
fied, and the hypothesis is made that the system is in ‘‘stable’”
equilibrium or motion. By means of what I have called_the Corre-
spondence Principle between comparative statics and dynamxcs,
definite ‘operationally meaningful theorems can be derived from S0
simple a hypothesis. One interested only in fruitful statics must
study dynamics.

The empirical validity or fruitfulness of the theorems, of course,
cannot surpass that of the original hypothesis. Moreover, the
stability hypothesis has no teleological ? or normative significance;
thus, the stable equilibrium might be at fifty per cent unemploy-
ment. The plausibility of such a stability hypothesis is suggested
by the consideration that positions of unstable equilibrium, even
if they exist, are transient, nonpersistent states, and hence on the
crudest probability calculation would be observed less frequently
than stable states. How many times has the reader seen an egg
standing upon its end? From a formal point of view it is often
convenient to consider the stability of nonstationary motions.

In a good deal of Part II the dynamical behavior of systems is
analyzed for its own sake, regardless of implications for compara-
tive statics. And in the last chapters of Part I, I have gone beyond
the original conception of the book to include such subjects as
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welfare economics. Although the logical content of the theorems
enunciated here is different, there is an underlying unity of method.

In the beginning it was hoped that the discussion could be made
nontechnical. Very quickly it became apparent that such a pro-
cedure, while possible, would involve a manuscript many times
the present size. Moreover, I have come to feel that Marshall's
dictum that “it seems doubtful whether any onc spends his time
well in reading lengthy translations of economic doctrines into
mathematics, that have not been made by himself”’ should be
exactly reversed. The laborious literary working over of essen-
tially simple mathematical concepts such as is characteristic of
much of modern economic theory is not only unrewarding from
the standpoint of advancing the science, but involves as well mental
gymnastics of a peculiarly depraved type. '

On the other hand, I have attempted to avoid all mathematical
flourish, and the purc mathematician will recognize all too readily
the essentially elementary character of the tools used. My own
interest in mathcematics has been secondary and subsequent to my
interest in cconomics. Neverthcless, the reader may find some
parts hard going. To lighten the way 1 have placed the purely
mathematical theorems in two separate appendices, of which the
second gives a reasonably self-contained introduction to the theory
of difference equations.



CHAPTER II

EQUILIBRIUM SYSTEMS AND COMPARATIVE
STATICS

MosT ECONOMIC TREATISES are concerned with either the descrip-
tion of some part of the world of reality or with the elaboration of
particular elements abstracted from reality. Implicit in such
analyses there are certain recognizable formal uniformities, which
are indeed characteristic of all scientific method. It is proposed
here to investigate these common features in the hope of demon-
strating how it is possible to deduce general principles which can
serve to unify large sectors of present day economic theory.

In every problem of economic theory certain variables (quan-
tities, prices, etc.) are designated as unknowns, in whose determina-
tion we are interested. ’I‘helr values emerge as a solution of a
specified set of relat:onshlps 1mposed upon the unknowns by as-
sumption or hypothesis. These functional relationships hold as of
a given environment and milieu. Of course, to designate this
environment completely would require specification of the whole
universe; therefore, we assume implicitly a matrix of conditions
within which our analysis is to take place.

It is hardly enough, however, to show that under certain condi-
tions we can name enough relations (equations) to determine the
values of our unknowns. It is important that our analysis be
developed in such terms that we are aided in determining how our
variables change qualitatively or quantitatively with changes in
exphcxt data. Thus, we introduce explicitly into our system cer-
tam data in the form of parameters, which in changing cause shifts
in our functional relations. The usefulness of our theory emerges
from the fact that by our analysis we are often able to determine
the nature of the changes in our unknown variables resulting from
a designated change in one or more parameters. In fact, our
theory is meaningless in the operational sense unless it does imply
some restrictions upon empirically observable quantities, by which
it could conceivably be refuted.
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This in brief is the method of comparative statics, meaning by
this the investigation of changes in a system from one position of
equilibrium to another without regard to the transitional process
involved in the adjustment. By equilibrium is meant here only v/
the values of variables determined by a set of conditions, and no
normative connotation attaches to the term. As will be shown
later, it is always possible to set up completely trivial equilibrium
systems.

This method of comparative statics is but one special applica-
tion of the more general practice of scientific deduction in which
the behavior of a system (possibly through time) is defined in
terms of a given set of functional equations and initial conditions.
Thus, a good deal of theoretical physics consists of the assumption
of second order differential equations sufficient in number to de-
termine the evolution through time of all variables subject to given
initial conditions of position and velocity. Similarly, in the field
of economics dynamic systems involving the relationship between
variables at different points of time (e.g., time derivatives, weighted
integrals, lag variables, functionals, etc.) have been suggested for
the purpose of determining the evolution of a set of economic vari-
ables through time.! At a later stage I deal with these dynamic
problems. _

The concept of an equilibrium system outlined above is ap-
plicable as well to the case of a single variable as to so-called
general equilibrium involving thousands of variables. Logically
the determination of output of a given firm under pure competition
is precisely the same as the simultaneous determination of thous-
ands of prices and quantities. In every case ceferis paribus as-
sumptions must be made. The only difference lies in the fact that
in the general equilibrium analysis of, let us say, Walras, the con-
tent of the historical discipline of theoretical economics is prac- -
tically exhausted. The things which are taken as data for that
system happen to be matters which economists have traditionally
chosen not to consider as within their province. Among these
data may be mentioned tastes, technology, the governmental and
institutional framework, and many others.

! R. Frisch, “On the Notion of Equilibrium and Disequilibrium,” Review of Economic
&@:, I1I (1936), 100-105. J. Tinbergen, Annual Survey: Suggestions on Quantitative
Business Cycle Theory, Econometrica, 111 (1935), 241-308.
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It is clear, however, that logically there is nothing fundamental
about the traditional boundaries of economic science. In fact, a
system may be as broad or as narrow as we please depending upon
the purpose at hand; and the data of one system may be the vari-
ables of a wider system depending upon 'expediency. The fruit-
fulness of any theory will hinge upon the degree to which factors
relevant to the particular investigation at hand are brought into
sharp focus. And if, for the understanding of the business cycle
a theory of governmental policy is demanded, the economist can
ill afford to neglect this need on the ground that such matters lie
outside his province. As for those who argue that special degrees
of certainty and empirical validity attach to the relations encom-
passed within the traditional limits of economic theory, we may
leave to them the task of proving their case.

It is not to be thought that the content of systems as described
above must be restricted to the variables usually considered in
price and value theory. On the contrary, one employs such con-
structions throughout the whole field of theoretical economics in-
cluding monetary and business cycle theory, international trade,
etc. It goes without saying that the cxistence of such systems in
no way hinges upon the employment of symbolic or mathematical
methods. In fact, any sector of economic theory which cannot be
cast into the mold of such a system must be regarded with suspicion
as suffering from haziness.

Within the framework of any system the relationships between
our variables are strictly those of mutual interdependence. It is
sterile and misleading to speak of one variable as causing or de-
termining another. Once the conditions of equilibrium are im-
posed, all variables are simultaneously determined. Indeed, from
the standpoint of comparative statics equilibrium is not something
which is attained; it is something which, if attained, displays
certain properties.

The only sense in which the use of the term causation is ad-
missible is in respect to changes in external data or parameters.
As a figure of speech, it may be said that changes in these cause
changes in the variables of our system. An increase in demand,
i.e., a shift in the demand function due to a change in the data,
tastes, may be said to cause an increased output to be sold. Even
here, when several parameters change simultaneously, it is im-
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possible to speak of causation attributable to each except in respect
to limiting rates of change (partial derivatives).

SyMBOLIC FORMULATION

All of the above may be stated compactly in mathematical
form. Given % variables or unknowns (x,, - - -, x,) and m, greater
or less than n, parameters (ai, - - -, am), We assume 7 independent
and consistent functional relationships involving our variables and
parameters. These may be written most generally in implicit
form, each equation involving all variables and parameters.

_fl(xll Ty Xay Oy, "'yam) = 09
f(xly rey Xay Ay, "'vam) = 0'

(1

fn(xh oty Xy Ay 0y, a,,.) = 0,
or more compactly,
fi(xl'...'x,.,al,--.,am)=O. (‘i: 1’...’n)

Our equations must not be greater than z in number, for if they
were, they could not be both consistent and independent; if less,
our system will, in general, be under-determined. If our equations
possess certain characteristics, to be discussed later, they may be
considered to determine a unique set of values of our unknowns
(%1% - - -, x,?) corresponding to any preassigned set of parameters
(@, - -, amd).

This functional relationship may be expressed mathematically
as follows:

Xi = g‘l(ah R} am)' (1 = 1» Tty n) (2)

It should be understood that this does not imply that we can
express our unknown variables as any elementary functions of the
parameters (such as polynomial, trigonometric, or logarithmic
functions). On the contrary, our conditions of equilibrium in set
(1) will not in general be expressible in terms of a finite number of
elementary functions; and even if they were, we should not be sure
that they could be solved explicitly in any simple terms. How-
ever, this is of no particular importance, for the elementary func-
tions are only special forms which have been of historical interest
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in the development of mathematical thought and its physical ap-
plications. If one were to draw free hand either at random or as a
result of a complete set of observations a demand curve relating
price and quantity, this could not in general be more than approxi-
mately represented by finite combinations of elementary functions.
And yet it is a perfectly good functional relationship indicating a
certain correspondence between these variables. Furthermore, if
there were any practical need for so doing, it could be tabulated
once and for all, be named, and ever afterwards be accepted as a
member of the family of respectable functions.

It is precisely because theoretical economics does not confine
itself to specific narrow types of functions that it is able to achieve
wide generality in its initial formulation. Still it is not to be for-
gotten that the aim of fruitful inference is the explanation of a wide\
range of phenomena in terms of simple, resirictive hypotheses.
However, this must be the final result of our research, and there is .
no point in crippling oncself in setting out upon the journey.

If one were omniscient, i.e., if all the implications of any as-
sumptions were intuitively obvious, the equations (2) would be
instantly known as soon as the set (1) were given. Short of such
powers, they could only be solved for to any required degree of
approximation with much effort; but, of course, it could be done,
given the requisite time and patience.

Considering the amount of labor involved, one is tempted to
question the advantage of starting from our equilibrium equations
in (1). Why not begin directly with the equationsin (2)? Indeed,
it may be pointed out that these resulting functions between un-
knowns and parameters could have arisen from an infinity of
possible alternative sets of original equations. In particular, con-
sider the set of implicit equations

g"(an,"',am)—‘x.‘=0- (i_—_ 1'...',1) (3)

This can be solved by inspection to give the equations of (2), but
of course the solution is trivial. It is trivial in the sense that the
result is intuitively obvious from the beginning, and not for the
reason that (2) says the same thing as (3). For, after all, this
equivalence is also true for (1) and (2), but their identity is not
trivial in this psychological sense.

It is important not to be confused in these matters, for they lie



12 FOUNDATIONS OF ECONOMIC ANALYSIS

at the foundations of scientific deduction, and they have been mis-
understood particularly often by economists. By deductive rea-
soning we are enabled only to reveal to ourselves implications
already included in our assumptions. We may bring to explicit at-
tention certain formulations of our original assumptions which ad-
mit of possible refutation (confirmation) by empirical observation.

This process may best be regarded as a translation of our origi-
nal hypothesis into a different language; but in so translating—
provided, of course, that no error in logic has crept in—we do not
change the nature of our original hypothesis, neither adding nor
subtracting from its validity and precision.

The usefulness of the formulation of equilibrium conditions
from which emerges our solution lies in the fact that by so doing
we often gain knowledge concerning possible and necessary re-
sponses of our variables to changes in data. Without such restric-
tions our theories would be meaningless. Merely to state, as was
suggested earlier, that there exists a final functional relationship
between all variables and parameters (as of an infinity of accom-
panying circumstances) is bare and formal, containing no hy-
pothesis upon the empirical data.

It is because in a wide variety of cases we can more or less
plausibly assume or hypothesize certain properties of our equi-
librium equations that we are able to deduce with the same degree
of plausibility certain properties of the resulting functions between
our unknowns and parameters. For the properties of the functions
in (2) are necessarily related to the structural characteristics of the
equilibrium set (1). The properties ordinarily discussed in this
connection are not specific quantitative restrictions upon the func-
tions (as being polynomials, etc.), but rather consist of assumptions
with respect to slope, curvature, monotonicity, etc.; they are the
kind implied by the law of diminishing returns.

v Di1sPLACEMENT OF EQUILIBRIUM

It is easy to show mathematically how the rates of change of
our unknowne with respect to any parameter, say a;, may be com-
puted from our equilibrium equations. As a matter of notation let

M — agi(alor ) amo)

= gionts -+, an?)
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stand for the rate of change of the ith variable with respect to the
parameter oy, all other parameters being held constant. It is
necessary because of the ambiguity of the conventional notation
of partial differentiation to make sure which variables are being
held constant.

Such partial derivatives must be evaluated as of a given value
of the set of parameters, and hence as of a corresponding set of
values of our dependent variables. Consider the initial position

(alos STty amo)v
and the corresponding set of unknowns
(xlo; Y xno)'

where of course

fi(xlo) Tty xnoy al°1 Tty amo) = O’ (i = 1! Tty n) (4)
and
xio = g‘(alov Tty O D)» (z = l' Sty n) (5)

since our unknowns must satisfy the equilibrium conditions.
Differentiating each equation of (1) with respect to a;, remember-
ing that all other parameters are to be held constant, but that all
our unknowns are variable, we get 2

a [\} a 0 axn 0
2(G2) +n (52Y + o+ (E) = -1

8x1 0 axz N ?32 0_ _
fzxz a_a;) +f=,2('5;l) + - +f=.2 aal) = fﬂxz'

(6)
ax 0 » axz 0 . ax" 0 L .
f:,"(aa;) +f=: aal) + ... +fz. a'—al) = f.. ,
where
foif = fi(x1® - -+, Xa )% - -, am?)
zy = .

ax,-
with all other variables and parameters held constant. Similarly,

P af‘(xlo, MY xnoy alov ) amo).
aal

fﬂl

* In matrix terms this is [f*][9x;/0a1] = [— fa'].
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Be it noted that the numerical values of these partial derivatives
are fully determined at the equilibrium point in question. Thus,
we have # linear equations with constant coefficients in # unknowns
[(8x1/8)®, - - -, 0%a/3a1)’]. The solution values of these will de-
pend upon the values of the coefficients; thus, the partial deriva-
tives relating our dependent variables and parameters are deter-
mined by the structural properties of our equilibrium system.
Since (6) represents linear equations, their solution for non-
singular cases may be represented in the familiar determinantal

form:

’ ifaliAik
B k=1, n ™
where
f21 fa fa!
f3|2 f%z f‘nz
A = Ile.il =
fa" S Sz

and A;: indicates the cofactor of the element of the 7th row and the
kth column. Or in matrix terms

[2] - - T ®)

ILLUSTRATIVE TAXx PROBLEM

For concreteness let us apply our analysis to two simple cases.
Consider a firm with a given demand curve relating price and out-
put and a given production cost schedule relating total cost and
output. Suppose in addition that the output of the firm is subject
to a tax of ¢ dollars per unit. The profit of the firm may be written

7 = total revenue — total production cost — total tax payment
xp(x) — C(x) — v,

where

xp(x) = total revenue in function of output,
C(x) = lowest total production cost at which each output can
be produced,
ix = total tax payment.



EQUILIBRIUM AND COMPARATIVE STATICS 15

It is clear that for any given tax rate, say #°, the firm will decide
upon some given output to be produced and sold; i.e.,

x* = g(®), 9)

where the functional relationship g corresponds to the functions
in (2). However, we cannot leave the matter in so indefinite a
state. We wish to know more than that there exists an equilibrium
output for each tax rate. What is the nature of the dependence
of our variable upon the tax rate regarded as a parameter? Will
an increased unit tax result in a larger or smaller output? Itisa
poor theory indeed which will not answer so simple a question.
Let us see if we can arrive at an answer to this through the formula-
tion of the conditions of equilibrium.

It is in general assumed that a firm will select that output which
will maximize its net revenue. That is to say, our equilibrium
value for output will emerge as a solution of a simple maximum
problem. Specifically, it is necessary ® for a regular maximum of
profit with respect to x, as of a given tax rate, that

6#23; t) ~0
*r(x, t) <0 (10)
dx? ’

The first condition merely states that at a maximum the tangential
slope of the profit function plotted against output must be hori-
zontal or equal algebraically to zero. The second condition in-
sures that we do not have a minimum.

For the problem at hand our condition of equilibrium may be
derived by simple differentiation to become

5 [50(®) = C] =1 =0, (1)

where it is assumed for simplicity that the inequality in (10) is
realized for all values of the variable concerned. Now equation
(11) corresponds to our equilibrium set (1), which in this case con-
tains but one equation due to the fact that we have only the value
of one unknown to deterinine.

3 See Mathematical Appendix A, sec. L.
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For each value of ¢, there will correspond a root of the resulting
equation. in x, and this will be our equilibrium value. Thus, the
function (9) may be regarded as the explicit solution of this implicit
equation.

Now what have we gained by introducing the maximum prob-
lem for the firm? Does this enable us to answer our original ques-
tion as to the nature of the dependence of the output upon the tax
rate? Let usapply the general method outlined above to calculate
the rate of change of equilibrium output with respect to the
parameter ¢£. Differentiating (11) with respect to ¢, we get

02 ax\°
Z oo - ce1(F) =1, (12)

(%) = eo.

In this simple case no resort to determinants is necessary in order
to achieve a solution, for

ax\° 1
Y] 2 (13)
&) 3 [#p(x) — €]

where

But this provides us with the answer for which we have been seek-
ing. For as a sufficient condition for a relative maximum we
know that

62
Fye [x%(x®) — C(z")] < O. (14)
Therefore,
dax\° ,
a) <0, or g <0, (15)

which is what intuition tells us would happen as a result of such a
tax. Be it noted in passing that it is assumed that the firm is
always in equilibrium before and after the tax is imposed, and that
the tax affects the cquilibrium only as indicated in equation (11).
In any actual case considerable attention must be devoted to the
problem of verifying the correctness of these assumptions before
any practical application is made of the conclusions reached.
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ILLUSTRATIVE MARKET CASE*

Let us consider as another example a market for a good or
service where the price and quantity are determined by the inter-
section of hypothetical supply and demand curves. Furthermore,
let us introduce a parameter of shift, «, into our demand curve
(e.g., tastes, tax, rival price, etc.). Here we have two variables,
one parameter, and two equations to define equilibrium values of
our variables in terms of the parameter. Mathematically,

D(x,a) —P =01

Sx)—p=0. (16)
As a solution we have
0 — ol(a0
A an

How then will our variables change with changes in a assuming
that an increase in a shifts the demand curve upwards and to the
right? As before, we differentiate our equilibrium relations with
respect to the parameter to get two linear equations,

D(a)_ (%Y - -,
ax \ da da) = T da

(18)
“(2)- (2) -
da da)
By simple substitution we get
aD
(52) - -a"
da %_g _ 5
19
oD (19)
(2)--™
da) ~ ~ 8D ,
i S

Now we know that dD/da > 0 by definition of our parameter of
shift. Thus, (3x/9a)’ =0 depending upon whether S'= dD/ox.
At first sight this seems merely to put off the dilemma, to replace
one equation by another. But if we examine the kind of market

¢ This is treated in greater detail in chap. ix below.
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under consideration, it will appear that the mere fact that the
market is in stable equilibrium in the initial situation will remove
all ambiguity. For if the market is the familiar Marshallian con-
sumer’s good market, stability of equilibrium by definition requires
that the supply curve cut the demand curve from below (even in
the case of decreasing cost due to external economies).®
Thus,
aD
e

(g—z)" > 0. 21)

However, the algebraic sign of the price change will hinge upon
whether therc is a positively or negatively inclined supply curve.

S > (20)

Therefore,

For
'ap 0 _ , éf 0
2o (5)
Thus, since (dx/da)? is positive from (21), (3p/da)° and S’ must be
of the same sign, or
Y\ o
(2)s >0 a

It is impossible in the price case to get rid of the final ambiguity.

Suppose, however, that this were a market for a factor of pro-
duction. Here the conditions for stable equilibrium are familiarly
defined to be either a positively sloping supply curve with a nega-
tively sloping demand curve; or if the supply curve is negatively
inclined, it must be backward rising and steeper than the demand
curve.® Mathematically, our stability conditions may be expressed

S’
aD

F i

< 0. (29)

For this case, therefore, the sign of the price change is known, while
the quantity change is ambiguous, depending upon the algebraic

® A. Marshall, Principles of Economics (8th edition), p. 346, n. 1, p. 806, n. 1.
¢ J. R. Hicks, Value and Capital (Oxford, 1939), chap v.
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sign of the slope of the supply curve. In brief,
0p\°
(5) > 0,
ax\° ,
(5&) S’ > 0.

Innumerable other examples could be cited. In general, we
should not expect to be able to determine the signs of the rates of
change of our variables upon the basis of simple @ prior: qualitative
restrictions on our equilibrium equations. This is not because of
the difficulty and complexity of solving a large number of equa-
tions; for these could be solved if sufficient were known about the
particular empirical values of our conditions of equilibrium. It is
rather that the restrictions imposed by our hypotheses on our
equilibrium equations (stability and maximum conditions, etc.)
are not always sufficient to indicate definite restrictions as to alge-
braic sign of the rates of change of our variables with respect to
any parameter.

Only imagine a change in a parameter which enters into all of
a large number of equilibrium equations causing them simultane-
ously to shift. The resulting net effect upon our variables could
only be calculated as a result of balancing the separate effects
(regarded as limiting rates of change), and for this purpose detailed

quantitative values for all the coefficients involved would have
to be known.

(25)

SUMMARY

Before going on in the next section of our work to indicate how
the economist is enabled to deduce significant results in a wide
category of cases, it will be well to summarize the thread of the
argument thus far.

a. For theoretical purposes an economic system consists of a
designated set of unknowns which are constrained as a condition
of equilibrium to satisfy an equal number of consistent and inde-
pendent equations (see equation 1). These are implicitly assumed
to hold within a certain environment and as of certain data. Some
parts of these data are introduced as explicit parameters; and, as
a result of our equilibrium conditions, our unknown variables may
be expressed in function of these parameters (see equation 2).
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b. The method of comparatlive stalics consists of the study of
the responses of our equilibrium unknowns to designated changes
in parameters; i.e., we wish to know the properties of the functions
in (2). In the absence of complete quantitative information con-
cerning our equilibrium equations, it is hoped to be able to formu-
late qualitative restrictions on slopes, curvatures, etc., of our equi-
librium equations so as to be able to derive definite qualitative
restrictions upon the responses of our system to changes in certain
parameters. It is the primary purpose of this work to indicate
how this is possible in a wide range of economic problems.



CHAPTER 111
THE THEORY OF MAXIMIZING BEHAVIOR

THREE SOURCES OF MEANINGFUL THEOREMS

IT wiLL be remembered that in the case of a unit tax on a firm's
output it was possible to state unambiguously the direction of
change of output with respect to a change in the tax rate. This
was so because of the fact that the equilibrium output for each tax
rate was derived from the condition that profit must be at a
maximum.

As will become evident in the course of our exposition, this is
by no means an accidental, isolated case; it is merely an application
of a very general principle of economic method, which lies at the
bottom of much of economic theory. In fact, aside from those
parts of economic doctrine whose results are inconclusive—and the
most ardent advocates of economic theory will admit that this
includes a large part of accepted analysis—there is not much which
cannot be brought under this heading.!

The general method involved may be very simply stated. In
cases where the equilibrium values of our variables can be regarded as
the solutions of an extremum (maximum or minimum) problem, it is
often possible regardless of the number of variables involved to de-
termine unambiguously the gualitative behavior of our solution values
in respect to changes of parameters.? ‘

It so happens that in a wide number of economic problems it
is admissible and even mandatory to regard our equilibrium equa-
tions as maximizing (minimizing) conditions. A large part of en-
trepreneurial behavior is directed towards maximization of profits
with certain implications for minimization of expenditure, etc.

1 The reader may verify this result by paging through any good economics textbook,
such as Marshall's Prenciples, and analyzing the derivation of various theorems stated.

1]t may be pointed out that this is essentially the method of thermodynamics,
which can be regarded as a purely deductive science based upon certain postulates
(notably the First and Second Laws of Thermodynamics). That such abstract reasoning
should in the hands of Gibbs and others lead to fruitful theorems testifies to the validity
of the original hypotheses.

21
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Moreover, it is possible to derive operationally meaningful restric-
tive hypotheses on consumers' demand functions from the assump-
tion that consumers behave so as to maximize an ordinal preference
scale of quantities of consumption goods and services. (Of course,
this does not imply that they behave rationally in any normative
sense.)

It is not to be thought that in principle all economic results
emerge from these maximizing assumptions.® For, as we have
seen, it was also possible to deduce conclusive qualitative results
from certain stability assumptions. Nevertheless, many of these
stability conditions rest implicitly upon maximizing behavior.

Moreover, certain difficulties arise here. While, of course, it is
always possible to lay down arbitrary definitions of stability, it
is impossible to deduce them without the implicit introduction of
dynamical considerations concerning the behavior of a system out
of stationary equilibrium. Depending upon the dynamical set-up
envisaged, different stability conditions are implied. Thus, given
supply adjustments of the type assumed in the cobweb cycle phe-
nomenon, it is well known that the ordinary Marshallian condition
of a positively rising supply curve may not result in ‘‘stable”
equilibrium.*

It is true that the identification of equilibrium with a stable
maximum position in a sense begs the question of stability. How-
ever, where these extremum conditions are realized, it can be shown
that many dynamic set-ups will give rise to dampened oscillations
as a result of small displacements. The relations between dynamic
theory and the stability of equilibrium are discussed in the last
chapters.

There remains still another possibility by which conclusive
theorems may be deduced. We may know in advance certain
qualitative properties of our equilibrium equations. Thus, refer-
ence may be made to alleged technological and psychological laws,

3 Thus, the definition of economic theory as the study of scarce means with alterna-
tive uses I would regard as too broad from one point of view, and much too narrow
from another.

¢ A stationary equilibrium is stable, providing the specification of initial conditions
differing only slightly from the stationary equilibrium values results in an evolution

;l:,cb tends (at least in the limit) to approach the equilibrium values. See Part 11
w.
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held to be plausible upon a priori grounds.® Even here, as many
economists have pointed out, the reasoning may rest in the
last analysis upon certain maximum considerations. Thus, in
demonstrating the validity of the law of diminishing marginal phys-
ical productivity we ordinarily point to the fact that firms in pure
competition are in equilibrium under a given set of factor prices.
This would not be possible if the law of diminishing marginal pro-
ductivity did not hold. Again we point to the fact that farmers
do not devote all their attention to raising grain on one square inch
of land; they use much land of the same kind, and even inferior
grades of land. Thus, we really argue backwards from maximizing
economic behavior to the underlying physical data consistent
with it.

There is still another type of problem for which the study of
maximizing behavior is illuminating. In some cases, as we shall
see later, it is possible to formulate our conditions of equilibrium
as those of an extremum problem, even though it is admittedly not
a case of any individual’s behaving in a maximizing manner, just
as it is often possible in classical dynamics to express the path of
a particle as one which maximizes (minimizes) some quantity
despite the fact that the particle is obviously not acting consciously
or purposively.

For all of these reasons the study of maximizing behavior affords
a unified approach to wide areas of current and historical economic
thought. There is, moreover, considerable advantage in discussing
the problem at first in its full generality. The high degree of
abstractness will be more than compensated for in the ease with
which numerous applications can be deduced as special cases.

A CaLcuLus OF QUALITATIVE RELATIONS

Before I enter upon the theory of maximizing behavior, it may
be illuminating to show why intuition and a general feeling for the
direction of things does not carry one far in the analysis of a com-
plex many-variable system, such as is characterized by equation

®In a problem of any complexity involving a number of variables, intuition is a
poor guide for the reasons discussed in the next section. All presumptions become
dubious. In such cases the economist often falls prey to the perils of assuming the
equiprobability of the unknown. As a result, every reformulation of the problem results
in changed presumptions. This is no doubt one reason why every terminological
revolution in economic thought brings with it a recasting of belief.
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of the matrix (1)? Ideally, we should hope to be able to rule out
all but one of the possible combinations so as to get a unique answer.
However, it would be at least desirable to be able to determine the
sign of at least one of our unknowns, or, what comes to the same
thing, to be able to rule out a particular half of all the possible
combinations.

So much for our aspirations; turning to the exact procedure by
which we rule out a combination, we find ourselves in for dis-
appointment. If we substitute into equation (6) of chapter ii.the
signs of the indicated elements, we shall be able to rule out a
combination if, and only if, it leads to a contradiction, i.e., if it does
not add up to zero, or to a negative number as it should.

Concretely, this can be seen to mean that we can rule out any
one of the above combinations of sign in (2) which exactly dupli-
cates any of the last (n — 1) rows of (1), or which is the exact
antithesis of any of these same rows. Otherwise, one of the last
(n — 1) equations of (6), chapter ii, could not add up to zero as
required by the present hypothesis. In addition, we may rule out
any combination of (2) which exactly duplicates the first row; but
we are not able to rule out its antithesis.

All told then, we are at most able to rule out by qualitative
considerations only (2r — 1) combinations out of a grand total of
2" possible combinations. Even for moderate sizes of # this leaves
us with all but a minute fraction of possibilities. And this is the
largest number that we can rule out on such a hypothesis. In
many cases we are not able to rule out even this many. Thus, if
any two rows in our original matrix have exactly the same signs,
they will both rule out the same combinations, which cannot there-
fore be added together for fear of double counting.

It can be seen then that purely qualitative considerations can-
not take us very far as soon as the simple cases are left behind.
Of course, if we are willing to make more rigid assumptions, either
of a qualitative or quantitative kind, we may be able to improve
matters somewhat. Ordinarily, the economist is not in possession
of exact quantitative knowledge of the partial derivatives of his
cquilibrium conditions. None the less, if he is a good applied
cconomist, he may have definite notions concerning the relative
importance of different effects; the better his judgment in thesc
matters, the better an economist he will be. These notions, which
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are anything but a priori in their original derivation, may suggest
to him the advisability of neglecting completely certain effects as
being of a second order of magnitude. In other words, zeros are
inserted into the matrix of (1). In fact, the so-called method of
partial equilibrium consists of nothing more than a liberal sprinkling
of zeros into the equations of general equilibrium. In the hands
of a master practitioner, the method will yield useful results; if not
handled with caution and delicacy, it can easily yield nonsensical
conclusions.

By simple extensions of the above argument we can show how
the presence of a zero in any row permits that row to rule out four
instead of only two combinations. Similarly, 7 zeros in a row per-
mits that row to eliminate 2'*! combinations. As before, there
may be duplications in the eliminating influence of different rows.
It is also apparent that definite knowledge concerning the sign of
any one of the variables will enable us to rule out one-half of the
original number of combinations, or 2*! combinations. Because
of duplicating effects, definite knowledge of the signs of the changes
in two of the unknowns will enable us to eliminate Jess than twice
as many as one unknown; actually, by two known signs we can
eliminate 3(2"~?) combinations in all. Definite knowledge of the
signs of 2 unknowns will permit the elimination of all but 2*—*
combinations.

It would be possible to illustrate the above calculus of quali-
tative relations by reference to a number of well-known economic
problems. Space will permit brief mention of a few. In the
market illustration of the previous chapter ¢ there was considered
the case of a simple Marshallian partial equilibrium market in-
volving two unknowns, price and quantity, whose equilibrium
values are determined by the intersection of supply and demand
schedules. We may apply our analysis to the determination of the
changes in our variables resulting in an assumed shift of a nega-
tively inclined demand curve. If the supply curve is known to be
positively inclined, the sign matrix can be written in the form

[+ 1]

¢ Page 17.
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In this case, we are able to rule out the maximum number of com-
binations, (2n — 1), or three in all. Since there are only four
combinations, we are left with a unique answer, as is apparent from
the algebraic analysis of the previous chapter. If the supply curve
is assumed to be negatively inclined, the signs in the second row
both become plus, and we are able to rule out only the minimum
number possible, or two. We are left then with a final ambiguity
which cannot be settled except by quantitative knowledge or by
means of various stability hypotheses.

A more illuminating and more difficult example is that oﬁ the
simplified Keynesian system, described in greater detail in chapter
1x. Without going into details here, it can be stated that this gives
rise to a system of three variables, interest rate, x,, income, x2, and
investment, x3, whose equilibrium values are determined by three
equations, liquidity preference, f*, marginal efficiency schedule, f?,
and propensity to consume, f°. Making the usual assumptions
concerning the signs of the various first order effects, e.g., that
investment varies inversely with the rate of interest and that the
effect of interest on consumption is of an order of magnitude which
can be neglected, we end up with a sign matrix of the form

+ - 0
(signf;) = — + - (4)
0 - +

We may now consider a shift in any one of the schedulcs, e.g.,
a change in the liquidity preference schedule brought about by
some policy measure. If we apply the above calculus, we are still
left with three possible combinations for (sign change in x.),
namely, (+ + +), (= + +),or (= — —). In the case of a shift
of the marginal efficiency schedule, we narrow the choice down to
two, (+ + +) or (= — =). For a shift in the propensity to
consume schedule we end up with three choices, (+ + +),
(++ =), or(— — —).

It will be noted that in none of the cases arc we able to make a
definite statement about even one of the variables. In the second
case, which is the most favorable, we can only say that an increase
in the marginal efficiency schedule will either raise interest, income,
and investment, or else lower all three of them. This is a highly
unsatisfactory state of affairs, particularly since it seems on the
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face of it doubtful that an increase in the marginal efficiency of
capital should lower interest, income, and investment. But it is
only by bringing in the stability considerations of later chapters
that a more definite, and more reasonable deduction can be made.
In the discussion in chapter ix it is shown that stability hypothescs
will leave us with only one combination for the first case, (— + +);
for the second case, (+ 4 +); and for the third case the two possi-
bilities, (+ + +) or (+ + —=). This last ambiguity is irremov-
able unless still stronger quantitative assumptions are made.

Numerous other cconomic examples could be mentioned, but
these may be left to the reader.”  Before returning to the problem
of maximizing behavior, I should like to call attention to the fact
that the qualitative calculus is not invariant under transformation
of the variables.

Maximum CoNDITIONS OF EQUILIBRIUM

f.et us consider a new variable, z, defined by a single-valued
function of our previous variables,

2= f(ay, <y Xnyar, 0y m), &)

where f and its partial derivatives of at least second-order exist and
are continuous in a wide region. If for any preassigned values of

the o’s, there exists a set of values for the «’s, (x,°, - - -, x,%), corre-
sponding to which z is at a maximum, then we must have
f(xh R xn’ alov ) amo) —E—f(xlov T xno) alon Ty amo)' (6)

As a matter of notational convenience this may be written
fX, o) = f(X° o), (7)

7 One last illustration taken from the field of international trade may be dealt with
briefly. Professor Leontief has produced a numerical example illustrating the possibility
that a unilateral payment from one country to another may so shift the terms of trade
in favor of the paying country as to cause it to be better rather than worse off as a result
of the transfer. ‘‘Note on the Pure Theory of Transfer,” in Explorations in Economics
(New York, 1936), pp. 84-92. The example is carefully framed so as to guarantee
indifference curves of the proper curvature for both countries. However, if one sets up
an analytical system, along the lines of the numerical example, one will find that the
Leontief Effect can only happen for a system in which an increase in demand for a com-
modity lowers rather than raises its price. If the latter phenomenon is ruled out as being
anomalous, or incompatible with stability (defined arbitrarily or in terms of a‘dynamic
set up), then we can by the same action rule out the possibility of the Leontief Effect.



30 FOUNDATIONS OF ECONOMIC ANALYSIS

where X stands for the arguments (x,, - - -, %,), and a stands for
the arguments (ay, * - -, am)-

If 2° represents an absolute maximum with respect to all ad-
missible values of our independent variables, then

(X, o) < f(X°, ). (8)

On the other hand, 2° may merely represent a maximum relative to

all x's lying in some restricted neighborhood of the point (X?, a°).
We know from Mathematical Appendix A, Section II, that in

order for z° to enjoy a relative maximum it is necessary that !

—:z =0 =fr,(x% - -, %0 @t -+ -, awd), G=1,---,n) (9)
X3
and

Zl Zl fz,—z,ohs‘hj <= 0, (10)

where the k's are arbitrary numbers. For a regular relative maxi-
mum the last condition can be written

Z Zfz‘z,'ohllh)' < 0! (11)

1 1

not all A's equal to zero. In other words, this symmetrical homo-
geneous quadratic form must be negative definite. (See Mathe-
matical Appendix A, Section II.)

DISPLACEMENT OF EQUILIBRIUM

The set of equations in (9) can be regarded as our conditions of
equilibrium corresponding to the set (1) of the second chapter, and
may be assumed to yield an explicit solution for our unknown equi-
librium values in terms of the preassigned parameters.®

xd = giad, - an?). (=1, ) (12)

Using the method of the previous chapter we may easily solve
for the rates of change of our solution values with respect to the

$ From the implicit function theorem it is known that assuming the definiteness of
the quadratic form throughout the whole region under discussion will insure us of the
uniqueness of our relative maximum position. Also our maximum conditions are essen-
tially invariant under any non-singular transformation of variables. Furthermore, any
properly monotonic function of z enjoys an extremum position for the same values of the
arguments as does z.
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kth parameter by means of the following:

2 0x; .

;fz,z,-o 'a_:—; = = fz‘a,,or ('& =1,---, n) (13)
yurse,
_a_xi (.7 =1, n)

(14)

o = ga:(alo' cee amo), (k =1, m)

As in (8) of chapter ii, our solution may be written in the de-
terminantal form

% ) ;fz,uknlfaj 15
6(11, ’ H ’ ( )

where

‘[f:lzlo le-‘l..o

H = !fz.xioly (16)

lf-f..flo e ffn'.o I

and I1,; is the cofactor corresponding to the element of the 7th row
and the jth column of the Hessian H. As will appear later, we
are able in a large class of cases to evaluate the algebraic sign of
this expression. In what follows where there is no risk of am-
biguity, I shall omit the superscript zero.

First let us derive a relationship of complete generality. Mul-
tiply the 7th equation in (13) by dx./da; respectively to get

dx, 9x;
Jday day

zl:fz‘,,g%z — G=1,---,n) (7

Summing with respect to 7 over all equations we have

9%, 9x;

ax.-
; ;fz,zi aak aak = - ;ft‘dt aak (18)
But from (11)
i if:.z,ht‘hi < 0:
1 1

holding for any &'s. In particular, for

_ ax;
YT dan

h (19)
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we get
n n ax‘,a_xi
2 Rt < g, (20)
or from (18)
S fem i 21
N fz.a. aak ’ ( )

for not all dx./dax equal to zero. In words this compound term
consisting of the weighted sum of our unknown rates of change
must definitely be positive in sign. However, this does not add
very much to our knowledge since we do not know which terms
will be positive. '

As mentioned earlier, however, we are not always interested in
parameters which shift each and every one of our equilibrium con-
ditions. For this would necessitate a knowledge of the relative
quantitative importance of each shift before we could hope to
evaluate the composite result. For this reason we often narrow
our problem by considering parameters which cause only one of
our equilibrium equations to shift. Let us restrict our attention,
therefore, to a set of such parameters (o, - - -, a,) equal in number
to our unknowns. We may number each in the order correspond-
ing to the respective equilibrium equation which it shifts. Then
since a change in the kth parameter must leave all other equations
unchanged, we have

S0, = 0, for Jj#k (22)

Now our inequality of (21) reduces to the more simple and more
readily applicable condition

d
Famam > O. (23)

In words, for the class of parameters now under consideration the
rate of change of the kth variable with respect to its corresponding
parameter must be of the same sign as f,4,, which in turn is positive
if the shift of the equilibrium equation is in the direction of an
increase in x;.

This can be verified by the computation indicated in (15).
According to our present hypothesis

ax _—
oo el (24)
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In Mathematical Appendix A, Section I1I, it is shown that

Hi,
g < 0, (R

]

L, - m) (25)

as a condition for a true maximum. Hence,

Fon gt = G (522), (26)

or
axk
fﬂ-'k“k 5(1_]; > 0' (27)

Let us examine more closely the nature of our hypothesis em-
bodied in (22) that each parameter shifts but one condition of
cquilibrium, leaving all others unchanged. In the first place this
does not mean that a change in the sth parameter results in a
change in the sth variable alone. On the contrary, a change in
any parameter will typically result in a change in all variables.
Our hypothesis merely says that this must come about through a
shift in but one schedule with movements along the remaining
schedules.

As | shall later argue, the assumption of this hypothesis does
not involve any serious loss of generality and still includes the vast
majority (in fact, it is hard to find exceptions) of relationships
contained in current economic theory.

The most general function for which the partial differential
equations of (22) hold may be written

2= 0(xy, -+, %n) + Bi(x1, 1) + B¥x3, a2) + - - + B"(%n, aa). (28)
This may be verified by successive differentiation to obtain

9% 9’B’

ax,-aak = fz’a‘ = —ax,-aoq

=0, for j#k (29)

For the rest of this chapter unless otherwise indicated I shall
consider functions of this restricted type. The inequality of (21)
still holds in any case, but is less immediately applicable. After
all, generality is not an end in itself. A theory may be so general
as to be useless. It is for simple theories which have wide appli-
cability that we must look.
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Di1SPLACEMENT OF QUANTITY MAXIMIZED

We have seen how the equilibrium quantities (xy, -« -, %)
change when parameters vary. Any function of them also varies
in a determinable way. In particular, the quantity to be maxim-
ized, 2, will change; and its laws of change take on a very simple

form. Let
z =f(x11 *e oty Xny a)v (30)

where ais any parameter. Let the x's be functions of &« determmed
by a maximum position, i.e., by

=S, Eme) =0 G=1,-m) (D)

Thenr

SR AR A A (32)

That is, the first-order change in z is exactly equal to the change
in 2 when the x’s are not varying optimally so as to keep z at a
maximum; only to terms of a higher order is there a difference in
the way z is changing. A similar relation can be shown to hold
in the case of a constrained maximum.

This is the familiar relation of tangency between the envelope
of a family of curves and the curves which it touches. It has many
economic applications of which only a few need be mentioned. In
the famous dispute between Professor Viner and his draftsman,
Dr. Wong, the question arose as to the correct relationship between
long and short-run curves.® The short-run curve is drawn up by
minimizing total (and average) costs for each and every output, as
of given amounts of some fixed factor. The long-run curve requires
lowest total (and unit) costs for every output, as plant is optimally
adjusted. But according to our theorem a change in the parameter
output will to the first-order result in the same change in total (and
unit) costs when plant is fixed as when plant is optimally adjusted.
Dr. Wong was right then in insisting upon tangency.

Another example is provided by Professor Viner." Let labor-
marginal cost be the rate of increase of total costs when only labor

* J. Viner, “Cost Curves and Supply Curves,” Zeitschfift fur Nationalokonomie, 111
(1932), 23-46.

10 J. Viner, Studies in the Theory of International Trade (New York: Harper, 1937),
515-516.
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is varying so as to produce the extra output. It is to be dis-
tinguished from marginal cost of labor which appears in monopsony
theory, and the marginal labor cost which means the increase in
one component of costs as all factors are optimally varying. Let
marginal cost be the rate of increase of total costs with respect to
output as all factors vary optimally. Then our theorem states
that labor-marginal cost equals marginal cost equals any other
factor-marginal cost. As Professor Viner has pointed out with
great insight, at the margin (i.e., neglecting differential coefficients
of higher-orders) all factors are perfectly indifferent substitutes.
The classical economists, lacking the precise notion of an infini-
tesimal, were forced to employ the concept of a broad extensive
margin. (Viz., Ricardo’s no-rent land, and J. B. Clark’s famous
zone of indifference.) 1!

For finite movements, however small, higher-order terms will
make the change in the quantity maximized (minimized) different
when the unknowns are optimally adjusted from the change when
they are held constant. Actually,

Pz 2, d% | mdvd(f), &, dx
R T g LT R
n dx;

= 0 +0 + Zlfiaa +fatn

since f; = 0.
The higher-order change in z when all x's are held constant is
given by
9%z
3 = Jae (34)

The difference between the former change and the latter is as
follows:

2 0% s dx;
AR RS 5L @

because of equation (21) above.

If the changing parameter affects profits or ordinal utility ad-
versely, it does so less when output and consumption are optimally
adjusted to the new circumstances. If the parameter improves

4 For still other examples see Marshall's Principles, Mathematical Appendix,
Note X1V, pp. 846-852.
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profits (etc.), it does so most when the unknowns are optimally
adjusted.

One could go on to still higher terms. These would be seen to
depend upon the various partial derivatives of f and upon dx;/da,
d%c;/do? etc. The changesin z are of higher order than the changes
in the x’s. In fact, the nth derivative of z depends at most upon
the (» — 1)th derivative of the x's. This is brought out in the
above equations.

AUXILIARY CONSTRAINTS AND THE GENERALIZED ,
LE CHATELIER PRINCIPLE

If the equilibrium of a system is determined by extremum con-
ditions where all unknowns are independently variable, the addi-
tion of auxiliary constraints (satisfied by the equilibrium position)
will leave the equilibrium unchanged. If a true relative maximum
is attained, a movement in any direction leads downhill; a fortiori
movements along certain subsets of directions will be downhill.
The usefulness of what may at first seem a strange process lies in
the fact that it enables us to deduce necessary conditions which the
equilibrium must satisfy.

Thus, with plant fixed a variable factor will be hired until its
wage (marginal cost) equals its marginal value productivity. In
the long-run, plant cannot be taken as fixed. Nevertheless, the
short-run condition holds in the long-run as well (but not vice
versa) since long-run total costs cannot be at a minimum unless
short-run total costs are as low as possible. Again, in discriminat-
ing monopoly the condition that any given output be divided
optimally between two markets (equal marginal revenues) holds
even when total output is not given but is determined by cost
considerations.

How is the equilibrium displaced when there are no auxiliary
constraints as compared to the case when constraints are imposed ?
How does the demand for a factor vary with its price when other
factors cannot be optimally adjusted because of time lags, etc.?
This type of question is important in thermodynamics as well as
in economic systems. It admits of a simple answer.

Let 2z be of the following special form

Z2=0(x1, %) — o1X) — aaXg — -+ — QApXp. (36)
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If all unknowns are independently variable, a maximum is deter-
mined by the equilibrium conditions

i} .
e = Ot m) —e= 0, G=1-m) (D

and
[H] = [6.]

is the matrix of a negative definite form. How does x; change when
its ‘‘conjugate’’ parameter a; varies?

dv, _ H,
da. = T <0. (38)

Let r independent additional linear constraints be imposed such
that

Yefxi—x) =0, (B=1--,7) (39)

where

[gf]
is of rank r.

The introduction of constraints requires that our equilibrium
system be modified to assume the following form

0;+Z)\ﬂgtﬂ_al=01 (Z=lvnn)
(40)

igJﬁ(xl - xlo) = Os (ﬁ = lr ' "vr)

where the \'s are Lagrangean undetermined multipliers.
Let "H represent the determinant formed by bordering I with »
rows and columns consisting of the coefficients g#; i.e.,

rH=%:_’§l g(;l (ﬂ,‘Y":l,"’:f) (41)

Then the change in x, with respect to a; when r auxiliary con-
straints are imposed, is given by

dxi _ :_ILI_:J
(%), =& <0 “2)

if [H)'is the matrix of a negative definite form, and the matrix



38 FOUNDATIONS OF ECONOMIC ANALYSIS

d-d-x&-f is negative semi-definite. (Cf. Mathematical Appendix A,
4
Section IV.) Adopting the convention that

H =°H,

equation (38) fits in as a special case of (42).
What is the effect upon the rate of change of x; with respect to
a; of adding an additional constraint? Clearly
dx; dx; _ H,, —1H; i
E;) - (E)r—l T 'H T TH ‘
"Hi  "Hapr onpr.ii
'H - an+r.n+r
"HiHutr,npr — "HHpyrnir.ii
rH rH n+r, ntr
('H s, n+') 2

D e 0 A A

'H'Hn+r. ntr

by a well-known theorem on determinants (Jacobi).

The denominator is positive because such bordered principal
minors regardless of the number of bordering rows must be of the
same sign.”? Hence, the difference is positive.

We have the following general theorem:

£),-(E) = (&)
da;)o = \dai )1 = = \da; /a1

While the change in an x with respect to its own parameter is
always negative regardless of the number of constraints, it is most
negative when there are no constraints, only less so when there is
a single constraint, and so forth, until the number of auxiliary
constraints reaches the maximum possible, namely (n — 1).13
This explains why economically long-run demands are more
elastic than those in the short-run. A lengthening of the time

1 See Mathematical Appendix A, equation (48). It should be noted that our r
corresponds to m there, and r there corresponds to % here.

1 This is a purely mathematical theorem. It corresponds to some of the phenomena
which fall under the heading of the celebrated principle of Le Chatelier. Because of the
almost metaphysical vagueness of its formulation, the latter's meaning is often in doubt,
and it is used at one and the same time to cover diverse phenomena. The above formu-
Iation explains why the change in volume with respect to a given change in pressure is
greater when temperature is constant than when entropy is held constant and tempera-
ture is permitted to vary in accordance with the conditions of equilibrium.

(43)

A

0. (44)
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period so as to permit new factors to be varied will result in greater
changes in the factor whose price has changed, regardless of whether
the factors permitted to vary are complementary or competitive
with the one whose price has changed.

EcoNnoMic ILLUSTRATIONS

It is not hard to point out the relevance of the above for a large
number of economic problems. First, let us repeat the result of
our previous analysis.

fr 3> 0. 45)
This states that the direction of the change of the ith variable
with respect to its corresponding parameter is of the same sign as
Sea(= B:a?). This quantity may be taken as a criterion. If its
algebraic sign is definite, i.e., unambiguously determinable, then
the sign of dx./da, is also definite.

We have merely to show, therefore, that a wide variety of eco-
nomic problems can be so formulated as to yield a conclusive de-
termination of the sign of our criterion.

It may be noted that for maximum problems involving a single
variable no restrictions need be placed upon z in order that our
criterion be applicable. Let

z = f(x, a). (46)
Then our criterion becomes
S 22 > 0. 47)

I list below some random examples chosen to illustrate the
applicability of the criterion.

(a) Let us go back to the example of the second chapter of the
effect of a unit tax on output. It will be remembered that the
relationship between the equilibrium output and the tax was de-
termined to be unambiguously negative. This conclusion can be
quickly obtained by our present method. Profit is defined as

follows:
7 = ¢z, 1) = [xp(x) — C(x)] — tx. (48)
Our criterion may be casily computed.
Tzt = Pzt = — 1. (49)
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Therefore,
ox
(-1 w > 0. (50)
or
ox
a <. (51)
Also, as shown in the previous section,
dr _ o _
a @ T |

To a first approximation, the change in profits is unaffected by
the adjustment of output. To a more accurate approximation,
profits are reduced less if output is optimally altered.

(b) The effects of three other kinds of taxes are also simply
derivable. Consider respectively a percentage tax on gross sales,
a lump-sum tax, and a percentage tax on profits. The correspond-
ing profit functions may be written:

T = [xp(x) — C(x)] — t'xp(x),
T = [xp(x) — C(x)] —¢" (52)
7 = [xp(x) — C(x)] — t""[xp(x) — C(x)].

Our criteria are respectively

d
Teyr = — & [xp(x)] < 01
— (53)

Obviously, therefore, for the first case of a tax on gross sales, the
effect of an increase in the tax rate is to reduce output. The last
two cases, however, present a new feature. Quf criterion is neither
positive nor negative, but equal to zero. A little reflection reveals
that our equilibrium maximum conditions are essentially inde-
pendent of the parameters changed. Hence, our ecquilibrium
values remain unchanged, i.e.,

d9x
am =0

2 o

atlil

(54)
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These conclusions are, of course, familiar from the Marshallian
analysis.

(c) Let us now consider a problem which has nothing to do with
taxation, but which figured prominently in the famous cost con-
troversy of a few years back. Let us suppose a firm in pure com-
petition, i.e., one which can sell as much of its output as it wishes
without affecting the price. Given total cost in function of output,
there will be a determinable output reaction to each given price.
What is the nature of this dependence? From the fact that the
firm is assumed to be in stable equilibrium when it enjoys a proper
relative maximum, we can easily apply our criterion to deduce the
properties of the supply curve. Here

™ = ¢(x, p) = px — C(x), (55)
%jci = p—C'(x) = 0. (56)

Equation (56) can be solved to determine output in function of
price.

o x = g(p). (57)
It is easily verified that
tzp = @rp = 1. (58)
Therefore,
dx ,
dp = g() > 0. (59)

Even if we relax the requirement that a regular relative maximum
be realized, it still remains true that the supply curve cannot be
negatively inclined. Of course, this does not mean that the mar-
ginal cost curve cannot be negatively inclined, but merely that in
such ranges it cannot serve as a supply curve.

(d) It must not be thought, however, that the assumption of
our equilibrium as the solution of a maximum problem is the “open
sesame” to the successful unambiguous determination of all possible
questions which we may ask. For it is extremely easy to specify
simple and important problems which cannot be answered even
qualitatively without further knowledge.

Consider the problem of the effect of the introduction of adver-
tising expense upon the output of a monopolist. Will an increased
advertising expense result in a larger or smaller output? Here

7 = ¢(x,a) = R(x, @) = C(x) — «, (60)
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where

R(x, @) = the maximum amount of total revenue which can be
secured for a given output as of a given advertising
expense optimally directed.

C(x) = minimum total production cost in function of output.
a = total advertising expense in dollars.

For any given «, there is an optimal output which maximizes
profit. What is the sign of dx/da? '
Applying our criterion we have

f:a = Rzm (61)
or
R 350, (62)
Thus, the direction of change of output depends upon the direction
of shift of the marginal revenue schedule (upwards or downwards)
as advertising changes. Now there is nothing in the formulation
of the problem which requires that this shift be of any particular
direction. Hence, short of quantitative empirical investigation of
sales responses to advertising no presumption is possible. More-
over, since there is ambiguity as to the instantaneous rate of direc-
tion of quantity response to a change in advertising expense, there
is a fortiori ambiguity as to the effect of a finite change in adver-
tising expense. It is not possible, therefore, to state whether out-
put will be larger or smaller under positive advertising expenditures
as compared to no advertising expenditure. It may be pointed out
that the effect of advertising upon price is also incapable of un-
ambiguous inference, as one should intuitively expect from the
arguments which have been presented on both sides of the case.
(e) Another problem which has attracted much interest is that
of whether output will be larger under discriminating monopoly
or under simple monopoly. ~Suppose a fifim with two markets with

independent demand curves.
x; = D¥(p), z=12) (63)
and a schedule of costs in function of total output,

C = C(xy + x.). (64)
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Under discriminating monopoly all prices are regarded as inde-
pendently variable and are adjusted so as to maximize profit.
Profit may be written as

7 = p1DY(p1) + pD*(p2) — C[DY(p1) + D¥p2)].  (65)

For simplicity we rule out the possibility that all of the demand

at a given price in a given market may not be satisfied by the

entrepreneur. The removal of this restriction can be easily made.
Here the conditions of equilibrium are

o ,
S = 0= DUp) + (02— O 52,

a aD?
3py = 0= D) + (02 = C) 4

(66)

This results in an optimal set of prices (p:°, p-?) and quantities
(x1° x4°), and total quantity (X°), or (x,° + x,°).

In the case of simple monopoly we impose the condition upon
our problem that the price be equal in both markets. Thus,

Pl = p?- = Ps (67)
= = pDY(p) + pD*(p) — C[D'(p) + D*p)] (68)
dr

T =0=D1p) + %) + 6 — ) (S +53) (69

This yields as a solution (p’, p’), (x//, x2), and (X’). Is it possible
to determine whether

X'z X0 (70)

At first glance there is little resemblance between this and the
examples hitherto discussed. No data have been introduced as
parameters; furthermore, we are not comparing two situations in-
definitely close to one another. On the contrary, we seem to be
dealing with two entirely different kinds of behavior. The two
solutions seem to result from qualitatively different types of maxi-
mum problems. Nevertheless, we may avail ourselves of an arti-
fice by means of which we can bring to bear the methods used above.

Let us introduce a parameter k, defined as follows:

P:
rie (1)



44 FOUNDATIONS OF ECONOMIC ANALYSIS

We may now treat as independent variables (p), 2) instead of
(1, p2) since there is a onec tp one relationship between the two
sets. Therefore,

™ = F(pr, p2) = F(p1, kpr) = G(py, k). (72)

In the case of discriminating monopoly both prices are varied inde-
pendently so as to maximize profit. This is equivalent to the
condition that both p; and 2 must be allowed to vary so as to
maximize profit. Our conditions of equilibrium are ‘

.6_7'_'__&._0

op, apy ,
73

or G _, )

ok ok

This must, of course, determine the same solution as given in (66)
since we have only transformed our variables.

For simple monopoly it is a preassigned condition of the prob-
lem that both prices be the same, or that 2 be equal to unity.
Thus, by continuous movement of £ from unity to p.°/p,%, we may
pass from simple to discriminating monopoly. If then we could
unambiguously state the direction of the rate of change of output
with respect to % at each point, it would be possible to determine
whether output would be larger or smaller.

In order to ascertain the rate of change of total output with
respect to &, let us still further transform our variables as follows:

_ b
T (74)
X = DY(p1) + D*(p»).
Solving inversely, we get
Pl = fl(kv -X)'
p: = Fi(k, X). (#)

Thus,
T = F(py, p2) = FLf'(k, X), f(k, X)] = o(k, X).  (76)
Our equilibrium condition for a given & is

or _ do(k X) _
ax ~ ax =0 (77)



THEORY OF MAXIMIZING BEHAVIOR 45

According to our criterion

X
Pxk %e_ > 0. (78)

Now the computation of ¢x:, while laborious, is nevertheless
possible. It will be found to depend in a complicated way upon
the curvatures of our demand curves. Its algebraic sign will be
ambiguous, as must therefore be the effect upon total output.
However, anyone who cares to go through the computation can by
so doing determine what additional restrictions must be placed
upon the demand functions in order to insure that output be larger
or smaller.

(f) In later chapters the methods outlined here will be sys-
tematically applied to different branches of theory. In order to
illustrate that it is possible to derive unambiguous conclusions even
with a large number of variables a small part of our later analysis
will be anticipated here.

Let us consider the demand of a firm for a factor of production._
We assume as given a production function embodying the tech-
nological relationships between inputs and output, the demand
curve for the finished product, and the prices at which all factors
of production can be bought in unlimited quantities. The condi-
tion that profit be at a maximum is sufficient to determine the
value of all unknowns in terms of these data. Thus,

x = total revenue — total factor cost

= R(x) - (wlal + wiay + -+ + wna'n): (79)

where w; and a, are the respective prices and quantities of the 7th
factor of production. But we are also given a production function
(assumed continuous),

x = x(a, -, a.). (80)
Hence,

T = f(ah cey Qay Wy, '1w")
= R[x(a), -+, a.)] — (wiar + -+ + waa,). (81)

Recall from (21) our generalized criterion.

ad
L fum G > 0. (82)
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Obviously here
fﬂi'ﬂs = 0' (i = j) (83)
Hence,
Jumga >0 =1, m) (8)
But
Jow, = — 1. zZ=1,---,m) (85)
So
%:i co. G=1,--n) (86)

This conclusion holds for any number of factors.

The above examples are but a small sample of economic prob-
lems which can be regarded as determined by the solution of
maxima problems. For these, the criteria outlined above may be
employed to deduce meaningful unambiguous qualitative theorems.

“ANALYSIS OF FINITE CHANGES

Up until now the analysis has been confined almost exclusively
to the determination of the algebraic signs of instantaneous rates
of change. One cannot leave the matter here, for in the world of
real phenomena all changes are necessarily finite, and instantaneous
rates of change remain only limiting abstractions. It isimperative,
therefore, that we develop the implications of our analysis for finite
changes. Fortunately, despite the impression current among many
economists that the calculus can only be applied to infinitesimal
movements, this is easily done.

Let us consider for simplicity a functional relationship between
one variable, x, and one parameter, a, continuous and twice differ-
entiable everywhere on a given interval.

x = gla). a=a=0b (87)

Suppose that we have already ascertained the fact that the alge-
braic sign of the instantaneous rate of change of this function is
everywhere negative on the defined interval; i.e.,

d

E’&‘ =g(@)<0. a=a (88)
It follows then that any finite change in « within this interval will
be accompanied by a finite change in x in the opposite sense.
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For let
Aa = o' — o, g =a'= (89)
Ax =x! —x*=g(a') —g(a?). a=a"=0b

We wish to prove that

AxAa < 0. Aa # 0. (90)
By the theorem of the mean

bx = go) — g = [ ge)a = g0, O1)
where
e =a® + 0(a! — o). 0<6<1

But since the derivative g’ is negative everywhere on the defined
interval, it must be negative for a = . Therefore, Ax and A« are
of opposite sign, for

AxAa = g'(e)(Aa)? < 0. 92)

This result is intuitively obvious. If, starting from a given
point, a curve is always falling, then one should not expect it to be
higher after a finite distance, continuity being assumed.

The above proof rested on the assumption that the derivative
be unambiguously negative everywhere. This is often-an ad-
missible hypothesis as we have seen. But what about the cases
in which the derivative is known to be unambiguously negative
only at a point? Thus,

g'(a® < 0. a<a®<d (93)

Can anything be said then about finite changes? Our answer is
in the affirmative. It can be shown that for all finite changes in «
smaller than some assignable quantity, there exist corresponding finite
changes in x of the opposite sense.

For by hypothesis g'(a) is continuous on the given interval,
and of course at a®. Hence, from the elementary definition of
continuity there exists a neighborhood around o in which g'(a)
is always negative, i.e.,

g(a) <O. |a — a®|< B (94)
Thus, from our previous theorem
AxBa = (x — (@ —-a)<0. Ja—o|<hk (95
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The implication of the last theorem is important. In order
that the results of all finite movements be unambiguous, it is
necessary that the sign of the instantaneous derivative be definite
everywhere. For let the derivative change sign, and it will be
possible to find contradictory finite movements.

Thus far we have assumed that our equilibrium equations are
such as to enable us to solve for our unknowns uniquely in terms
of our parameters. Under what conditions will this be possible?
It will be readily seen that even where our equilibrium conditions
are defined as the result of a maximum problem there remains the
possibility of multiple relative maximum positions. Under what
conditions are we able to get a unique explicit solution of our
implicit equations? What shall be done if multiple solutions are
possible?

Assume the implicit equations

fi=folxy - Xmoy, -, am) =0,  (G=1,---,n) (96)

and a set of values (x,%, - - -, x,%, a1 - -, a,?) satisfying these equa-
tions. It is known from the Implicit Function Theorem ¢ that
there exists one and only one explicit solution of the form

% = g'ay, * -, am), (i=1---,n) 97)

in a region around (x,° ---, x,% @’ - - -, ax?) where the following
functional determinant does not vanish,

fxl-‘l leza fnx‘

fzah lezi f-‘!:z-
H= Ifz,-x,l = =0 (98)

Ifl',.-f: f-".lz fzuznl

Since we shall be considering chiefly the selection of regular
maximum positions, we may assume

(_ l)uHo = (— ])"|f3.'3;ol >0 (99)

at the point of equilibrium. Providing this expression remains
positive everywhere, we may be sure of a unique equilibrium. Of
course, this is sufficient, but not necessary.

4 See any Advanced Calculus.
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Suppose, however, that the Hessian does change sign a finite
number of times within the region of economically admissible
values. Then the functions in (97) will be multiple-valued with a
finite number of branches. Some of these may be ruled out im-
mediately as not constituting maximum positions, namely those
for which

(- 1)"H<O. (100)

It is possible to choose from the remaining branches only by re-
ferring back to our original maximum problem. Let (x,}, - - -, x.!),
(x:% - -+, x,2), - - - correspond to a preassigned set (o, - -, an) as

multiple solutions of (96). That set (or sets) is retained for which
f is greatest. This will ordinarily serve to define our x's as single-
valued functions of the a's except at a finite number of points.
At these points it is a matter of indifference which of the possible
alternative solutions is embraced.

Broadly speaking this possibility of multiple equilibrium offers
no serious difficulty. For all qualitative results remain. To illus-
trate this let us consider the problem in full generality. Let

z=f(xy, - Xn, a1, -0, an) = 0(xy, -+, Xa) + Bl(xy, a1)
+ B%(x3, a2) + -+ + B"(x, as). (101)
Consider a preassigned set of values of our parameters (&, - - -, a?),
and a corresponding optimal set of values for our unknowns
(%1 -, xa?), not assumed to be necessarily unique. Then by
definition of a maximum
f(xh *cy Xy alot R ano) = f(xlov Y] xnoy alo ) ano) (102)
where (xi, - - -, xa) take on any values. For bre
written
f(X, o) — f(X° o) =0. (103)
Consider any other preassigned values of our parameters (ai'
.-+, aaY), and a corresponding optimal set (x,%, - - -, xa'). Then
f(XY o) = f(X° a') 20, (104)

f(X°, a% — (X%, a") = 0.
Adding both sides, we get
[f(XY, a?) — f(X° a!)] = [f(X% o) — f(X*, a)] = 0. (105)
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From the definition of a definite integral this can be written

E:j::' Uz‘(xb Sty Xy allp Sty an‘)
= fﬂ(xl; cc oty Xy alo) Y an“)]dx.- =0. (106)

From the same definition this can be further transformed

)M j: j: Sea (%1 %ny @y, -+, an)dxda; = 0. (197)

1 1

But from (101)
fz.-q = Bs;n,‘: =0, (1' #* j)
Jrag = Beay

(108)

é f r fz.'ﬂ.'(xl' Tty XmyQy, tt aﬁ)dxldal' = 0- (109)
28 Jagp
By the theorem of the mean this may be written
> FonAxda; = 0, (110)
1

where f. ., is evaluated at an intermediate point. If we consider
movements of the kth parameter alone, others being held constant,
this becomes

foubi8as 2 0. (k=1,---,n) (111)
Hence, if our criterion is definite in sign everywhere, e.g.,
fs.-. = BS.l.h < b, (k =1, ”) (112)
then,
AxAay = 0. k=1,---,n) (113)

This is proof that multiplicity of equilibrium values does not
alter the definiteness of our conclusions with respect to finite
changes. It also shows that the criterion which we applied in
earlier sections to determine the definiteness of instantaneous rates
of change can be generalized to determine the definiteness of finite
changes. In fact, by a proper limiting process our previous
theorems relating to instantaneous rates of change can be deduced
as special cases from this more general analysis.

The equality sign can be dropped if Aa # 0, and if the maxi-
mum is proper. It will be noted that in this proof we did not



THEORY OF MAXIMIZING BEHAVIOR §I

require that 6 be continuous, but merely that the B* be continuous
with the derivatives of the required order. This will turn out to
be of considerable importance in the later consideration of discon-
tinuities in the production function of a firm.

A very important case is that in which z takes the form

2 =00y -, %) — %a;x.-. (114)
Then
B(xt) — z'l'-,agx.-l = f(xt) — Z::a.-‘x,-", (115)
0(x%) = ),T",a.”x.-" = 6(x) — ilu.-“x.-‘. (116)
Adding and collecting terms, we get
? (ad — ad)(xd — x0) =0, (117)
or
% AaiAi; = 0. (118)

As illustration of the direct application of our methods tg finite
changes, let us revert back to the firm with a given total cost func-
tion producing in a purely competitive market. For a preassigned
price, p° the firm will supply a given output, x° (not necessarily
uniquely defined, since the firm may be indifferent in its selection
among two or more outputs). Since profit is at a maximum for
this output

[p% — C(x")] — [° — C(x%)] =0, (119)

where x! may be any output, in particular that output appropriate
to a second price, p’, such that

[px® — C(x")] — [pa! — C(x")] = O. (120)
Adding we get
ApAx = (p' — pO)(x* — x") 2 0, (121)

and
ApAx > 0 for Ax # 0, Ap 0. (122)
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For this analysis it is not necessary that the cost curve be can-
tinuous, or be such as to yield a unique optimum output. The
marginal cost curve may be undefined at points, have kinks, and
turn up and down many times.

ANALYTIC FUNCTIONS

In cases where 2 is an analytic function of the x's and thé a's,
finite changes can be evaluated by an infinite power series in the
Aa's, whose coefficients depend upon partial derivatives &, all
orders of z at the original position of equilibrium. That is,

Ax; = ; (:;') Aa,-l-yz Z( d::' ) Aajdar + - -.

i=1,---,m) (123)
The geheral coefficient is of the form

(=)
da™ - dag™ )

>m, =mn (124)

1

where

These coefficients can be computed from the equilibrium equations
by differentiating as many times as is necessary with respect tc
the a's. If the Hessian is not zero, this will yield recursion rela
tions sufficient to get the desired higher derivatives in terms of the
already computed lower derivatives and the higher partial deriva-
tives with respect to the x's.

CONVERTIBILITY INTO A MAXIMUM PROBLEM

Earlier in this chapter it was indicated that some problems
which do not appear to involve extremum positions can at times
be converted into an equivalent maximum or minimum problem.
The advantage to be derived from so doing is merely notational,
since it will require fully as much knowledge to ascertain whether
the conditions of a maximum position are met as would be neces-
sary to answer any questions which might be asked. Furthermore,
there is the danger that unwarranted teleological and normative
welfare significance will be attributed to a position of equilibrium
sodefined. To avoid misunderstanding it is well to emphasize that
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the conversion of a problem whose economic context does not
suggest any human, purposive, maximizing behavior into a maxi-
mum problem is to be regarded as merely a technical device for the
purpose of quickly developing the properties of that equilibrium
position. ,

Our problem may be stated in the following way. Given initial
conditions of equilibrium

i@y -y xmay, o, am) =0, (E=1,-.--,2m) (125)

such that our unknowns are determined in function of the given
parameters, namely,

x; = gay, -+, am), t=1---,n) (126)

under what conditions can the set (125) be regarded as the solution
of an extremum problem so that the » indicated equilibrium loci
correspond to the vanishing of the partial derivatives of some func-
tion? That is, does there exist a function

z=f(xll"')xﬂval)”'yam) (127)
such that

fz,-(xlr RN TN - § TR am) = 0, (i . 1, tre, ”) (128)
represents the same locus for each value of 7 as
fi(xh Ty Xmayy am) =0? ('l = 19 "'r") ()129)

Now the same implicit function may be represented in an in-
finity of ways without changing the locus it denotes.!® It is de-
sirable, therefore, that we represent the loci which are our condi-
tions of equilibrium in a definite unambiguous form. One such
way is provided by solving explicitly for each variable in turn,

X = M‘(xl. ey Xiey X xn)' (‘i =1, n) (130)

What conditions are necessary on these functions or on the func-
tions f' so that there exists a z as defined by equations (127)

and (128)?
() - (Y ()

Define
¥ For example, (fi} = 0, (i = 1, -+, %) or F(f*) = 0, where F(0) = 0; F(a) » 0,
a %0,
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The A's are unambiguously determinable independently of the
representation of the f’s. In general,

Nij # N

If there exists a function z, the vanishing of whose partial deriva-
tives is equivalent to the equations (125), then

Also for every possible triplet

f 1 _Of ‘kof k10 f iof k Of iko

NNk, = fi':_of;()fkku - f;JOfk;thB = Njhi, N (133)
because f,; = fj: for all possible pairs.

These conditions are necessary. They are not identities for

all values of (x, - - -, x,), but only for those satisfying
ft(xl,-.'.xn)=0; ('L: 1,"‘,”)

i.e., they hold only at the point (x,% - - -, x,°).!®* They are not to
be confused with the integrability conditions of chapter v. Though
necessary, they are probably not sufficient. Quite possibly similar
point reciprocity relations can be found betwecn various derivatives
of higher order. If all of these should hold, perhaps a complete set
of sufficient conditions would be attained.

The relationships given in equation (133) are vacuousif the num-
ber of variables is less than three. All together n(n — 1)(n — 2)/6
independent conditions are involved.!?

18 [n addition, for all values of (x) satisfying a subset of r( < n) equations f* = 0,
there will be defined similar relations which are identities in the remaining (n — r)
variables.

17 Any completely non-specialized set of # equations in n variables, f*(x;, + -+, %) = 0,
can be regarded as equivalent to a stationary position of a function of 2n variables.

Let

F(2y, =) %u; Xupdy =+ *y Xugn) =2 f5(%0, =+, X )n 4.
1

dF = 0 implies among other things that f*(x), - -+, x.) = 0. This is definitely not an
extremum position as shown by reference to the secondary conditions. The fact that
in a larger set of variables a stationary value corresponds 1o a non-specialized system
seems devoid of economic significance. See G. D. Birkhoff, Dynamical Systems (New
York: 1927), pp. 33-34.
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As we have seen, it is not enough that our equilibrium equations
be expressible as the partial derivatives of some function. In order
to be able to derive definite theorems it is desirable that this func-
tion be at a regular maximum or minimum. This requires as is
shown in Mathematical Appendix A, Section II, that certain

quadratic forms be either negative or positive definite. Thus, for
a maximum

¥ ¥ fihh; <0,  notall h; = 0. (134)

As shown in Appendix A, Section 111, this requires that the follow-
ing inequalities hold.

) , |fin fra Sl
[ful < 0; ";-" ._'f:z > 0; S fi2 fua < 0; etc. (135)
noJn S fa2 fa

For a regular minimum these determinants are all positive. It can
be easily shown that either of these is equivalent to the following
conditions.

1 ne I R Y
Ao 1" > 0; Ns 1 A >0 etc. (136)
I MNei A 1

for 1, j, and & all unequal. This proves that it is not important
that our problem be either a maximum or minimum one, but only
that it be one or the other.

As an example of a problem which can artificially be converted
into an equivalent maximum problem, consider a number of inde-
pendent firms buying the same kinds of productive services in
purely competitive markets.’®* The demand of any firm for the
factors of production can be written

v, = ri(plv A pﬂ)v (1' = 1' tt n) (137)
where (v,, - - -, v,) represent respective amounts of # factors of pro-
duction, and (p,, - - -, p») their respective prices. It can be shown

18 H, Hotelling, “Edgeworth's Taxation Paradox and the Nature of Demand and
Supply Functions,” Journal of Political Economy, XL (1932), 577-616. L. Court, “In-
variable Classical Stability of Entrepreneurial Demand and Supply Functions,” Quarterly
Journal of Economics, LVI (1941), 134-144. R. Roy, De I'Utilits, Coniribution d lo Théorie
des Choix (Paris: 1942).
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that

o _ o

0p;  9ps
Where we sum over the individuals and use capital letters for the
total amounts demanded.

(138)

Vi=Zoi=Ri(py, -+, pa), (GE=1,-+,n) va

1
¥

From (138)
dR' OR/
3 = 3 (140

There exists, therefore, a function

Z = R(pl' M) pl) - (lel + V’p’ + e + Vnp‘). (141)
where
R . . :
ok Ri(py, -+, pa). (5=1,---,m) (142)
The conditions of equilibrium represented by the general demand
functions of (139) are, therefore, equivalent to those derived from
the condition that Z be at a maximum with respect to the p's, i.e.,
0z

=R -Vi=0 G=1,m) (143)



CHAPTER IV

A COMPREHENSIVE RESTATEMENT OF THE
THEORY OF COST AND PRODUCTION

EcONOMIC THEORY as taught in the textbooks has often tended to
become segmentalized into loosely integrated compartments, such
as production, value, and distribution. There are, no doubt, peda-
gogical advantages in such a treatment, and yet something of the
essential unity and interdependence of economic forces is lost in so
doing. A case in point is the conventional assuming of a cost
curve for each firm and the working out of its optimum output with
respect to its demand conditions. Only later is the problem of the
purchase of factors of production by the firm investigated, and
often its connection with the previous process is not clearly
brought out.

I should like here to investigate from the point of view of the
previous chapters the cost curves of the firm as usually presented
and the production function embodying technical relations between
inputs and output which lie behind it, and also to show clearly its
relevance to the problem of the determination of the optimum
output. In particular, I shall attempt to derive all possible opera-
tionally meaningful theorems. Much of what is said will be found
to apply regardless of the elasticity of the demand curve for the

‘ ; i.e., under “impure” as well as “pure’’ competition. By em-
ploying a suitable notation it is possible from a purely technical
point of view to consider the case of any number of productive
factors as easily as one or two.

STATEMENT OF PROBLEMS

In the beginning the revenue side of the firm is completely
ignored. We assume as given by technical considerations the
maximum amount of output, x, which can be produced from any
given set of inputs (vy, - - -, vs). This catalogue of possibilities is
the production function and may be written

x = p(n, -, ). (1)
57 |
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In géneral, there will be a maximum output for each set of inputs,
and so this function is single-valued, and will be assumed initially
to have continuous partial derivatives of desired order. Further-
more, no marginal physical productivities can be negative, else
output would not be maximal since it could be improved for the
same set of factors by leaving some idle. Regardless of this con-
sideration, in the relevant region under consideration we will have

0: 20, (G=1,-n) \(2)

where as a convention of notation \

4
¢ = g: = marginal physical (degree of) productivity. Simi-

larly, we define
. 3 62x -
®i = Bv.00;

It is also assumed that each firm is small relative to the market
for each input so that unlimited amounts of each can be bought
at the respective prices (w, - - -, W,).

As a matter of definition the total cost of the firm may be
written as the sum of the costs for each input item and any other
costs which are independent of the purchase of the designated
inputs and output; i.e.,

C=4+ 3 wa, 3)
1

where A represents costs which do not vary with the designated
inputs and output (taxes, etc.). Of course, these fixed charges
may be zero.

A brief survey of our field by economic intuition will aid in
phrasing the problems to be investigated, after which mathematical
analysis may be employed in stating the conditions imposed on our
various functions. Our aim is to derive the total cost for each
output. More precisely, with given prices of productive factors
and given production function, we are interested in deriving the
minimum lotal cost for each output. This will be a function as
follows:

C=44V(x,wy, -, w). - (4)

If we regard the prices of the productive factors as constant, the
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resulting relationship between C and x is the usual total cost curve,
from which average and marginal curves can be derived.

The question arises as to the relationship between (3) and (4).
It is clear that the same output can be produced by an infinity of
combinations of productive factors so that in the absence of other
considerations it is impossible to determine the total cost uniquely
for each output. In view of the consideration that total cost for
each output be a minimum, our indeterminacy disappears. Out
of the set of all possible input combinations which will produce a
given output, that combination is selected which minimizes the
total cost defined in (3). In other words, with given prices of pro-
ductive factors and for a preassigned output, there is an optimum
value for each productive factor; i.e.,

v, = fi(x, w1, -, Wa). GZ=1,---,n) (5)
By substitution into (3), we have

C=A4A+ S wfi(x,w, --,w)=A4+V(w, -, w). (6)
1

Thus, the relationship between (3) and (4) is revealed.

It is part of the purpose of this book to investigate the proper-
ties of the functions (4) and (5). It is true that theoretical eco-
nomics does not deal with particular forms of functions (e.g.,
polynomials, etc.). However, it does concern itself with the
general character of various functions; that is, their slopes, curva-
ture, etc. In this case we are interested in the following properties
of these functions:

o #C aC FC -
dx ' 9x? ' dw;’ dxdw;’ '

i.e., how are total and marginal costs affected by changes in output
or prices of productive services? On what properties of the pro-
duction function does this depend?

We are also interested in

av.- av; av.- .
5—7;)_.: ’ awj ' 3% . (8)

i.e., what is the reaction of demand for a productive service with
a change in its own price? With a change in another price? With
a change in output?
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These are obviously important theoretical questions, and yet,
curiously enough, the answers to some of them do not appear to be
in the literature. In the next section these will be mathematically
evaluated, and the results summarized. It will be found that
under very general assumptions the knowledge of the signs of these
differential quotients will give us the direction of change with
respect not only to suﬁicnently small finite movements, but alsq to
finite movements of any size. \

CoONDITIONS OF EQUILIBRIUM \

Thus far we have employed only the notation of mathematics.
By so doing, the problem has been clearly framed, which in many
economic problems is more than half the battle. It remains now
to state the derivations of (4) and (5) from (1) and (3).

Our problem is to minimize

A + 2 w; (9)
1

subject to
e(vy, - -+, v,) = Z = constant. (10)

Mathematically, this is a constrained minimum problem, and we
may avail ourselves of the method of the Lagrangean (undeter-
mined) multiplier. We define a new function

G =A+ X wa — Moo, -, va) — £], (11)

where (~ )) is a Lagrangean multiplier, whose economic interpre-
tation will be brought out later. G may be regarded as a function
of all the inputs as independent variables. It is necessary for a
proper relative minimum that :

aG .
E—O—w.-—hp.-. =1 -, n) (12)
e rewritten as

1_o_e_ #n

Nowowe T w, (13)

This s the well-known economic theorem that in order for total costs
to be a minimum for any given output, the marginal productivity of
the last dollar (1/\) must be equal in every use.  Alternatively, it may
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be stated that the marginal physical productivity of any factor
must be proportional to the price at which it can be hired, the
factor of proportionality being the term A\.! It will be noted that
this condsition is independent of the revenue curve of the firm and must
hold at every point on the cost curve, not only at the final point of
optimal output.

Provided that certain secondary conditions to be discussed
presently hold, the n equations in (12) and the one equation in
(10) are sufficient to determine each of our (# 4+ 1) unknowns
(v1, - -+, %, A) in terms of x and the factor prices (w,, - - -, w,) re-
garded as parameters. Thus, our equations (5) are defined im-
plicitly by these minimum conditions.

One may well question the advantage of this formulation. Ap-
parently we have substituted an indirect statement of our final
conditions for a direct one. But, and this is typical ofi all sound
economic theory, we are trying to deduce the consequences of our
hypothesized data, and we do know (by hypothesis) much about
the functions in (12). Merely,to state the relations in (4) and (5)
is formal and empty. By means of (12) we can place positive
restrictions upon them and know their general properties.

Now there remains the purely mathematical problem of trans-
lating our assumptions into terms of the functions (4) and (5), and
computing their Tespective partial derivatives designated in (7)
and (8).

SECONDARY EXTREMUM CONDITIONS

To do so we must first state all that we know about the condi-
tions defined in (12), in particular the secondary necessary and
sufficient conditions for a proper relative constrained minimum.
It is clear that in order for total cost to be a minimum for a pre-
assigned x, the locus of all possible inputs yielding that preassigned
quantity (isoquant surface) must be tangential to a locus of all
possible inputs yielding the same total cost (isocost plane). But
of course this is not enough. The isoquants must also be convex
to the origin in all directions in order that its contact with the
isocost plane represent a true proper minimum. The analogy with
the theory of consumer’s preference suggests itself. This is brought
out more clearly if we phrase the problem not as that of minimizing

1t Later \ wilt be shown to be equal to marginal coet, i.e., 8C/ox.
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total cost for a preassigned output, but rather in the equivalent
form of maximizing output for any preassigned total expenditure.
Mathematically, our secondary conditions are

? ? eiiti€; < 0, (14)
for
t ‘OI‘EI = 01
and not all
£ =0.
Consider the bordered determinant
Qi1 Y12 " Pin @1
Y21 P22 " P Q2
p= %l ef_|. . ) ) (15)
ei O . .
Pn1 ©On2 R ©Dnn ©On
@1 P2 ct @n 0

and respective principal minors
P11 P12 P13 P1

P11 P12 @1
P21 @22 P28 P2
D = 2 DB = . ete. (16
:21 :2 ga Y31 ¥z Qa3 @3’ (16)
1 2

1 o2 @3 O

It is well known 2 that (14) implies that any such minor of the
order m must have the sign of (— 1)™!, and conversely: i.e.,

(= 1D m=D > (), m=n+1) (17)
Specifically,

eip? — 2¢ii00; + @it < 0; etc. (z # j)

It will be noted that this condition does 7ot necessarily imply or
require the law of diminishing marginal physical productivity
to hold.?

? Compare H. Hotelling, “ Demand Functions with Limited Budgets,” Econometrica,
January, 1935, pp. 66-78.

31 am assuming that these secondary conditions hold not only at the minimum
point, but everywhere. Mathematically, this assures us of the unigueness of our equi-
librium, since this stronger assumption definitely rules out multiple relative minima.
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The secondary conditions are not always mentioned in the
literature. It is not for elegance or completeness that they are
included here, but rather because they are wholly relevant to the

problem under discussion, since it is upon them that all our results
depend.

DISPLACEMENT OF EQUILIBRIUM

It is now possible to derive in compact form the rates of change
of our dependent variables (v,, - - -, v,) with respect to changes in
the variables (x, w,, - -+, w,). The reader not interested in the
mathematical derivation of these conditions is referred to a sum-
mary of results at the end of this section. First we write the total
differential of our equilibrium equations (12) and (10).

Sody, + Lo =% i=1..m (8
1
>3 vdy, = dx.

These are (n + 1) linear equations in (#z + 1) unknowns
(dv,, - - -, dv,, d\), and may be solved in determinantal notation as
follows:

b d'w,-
ZT Ap + dxBagrk
dv, = — 3 . (19)
where
- »
P11 P12 Pin Y
L2
P21 P22 QP N
el @ _
@ A\ (20)
0 )
- $n
Pn1  Pn2 Pan N
('3 ("}] et @n 0

and A,, is the cofactor of the element in the rth column and the
gth row.
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Zé;‘v‘! Ainir + dxAnpy a1
a\ == < . (21)
Hence, s A
O _ Qjk
As a special case , A \
Uk _ _g_;,. |
dw, = A @9)
Also, \
O Antrr
x A (24)
and
O\ Agas
ow, AN ' (25)
oN An+1.a+1_
ox A (26)
It is clear on inspection of the determinant A, that
1
=x D. 27
Also
1 .
Ap =XD,1 = Ay, G k=1..-,m) (28)
Ajntr = Djnyr = Mpqa,j, G=1---,n (29)
and
Ant1nd1 = Dajrnire (30)
Therefore, from (28)
S _ Ov;
dw;  dw (31)

That is to say, the change in the kth factor with respect to a change
in the jth price, output being constant, must be equal to the change in
the jth factor with respect to the kth price, output being constant; a
result which is not intuitively obvious.

From (27) and (28)

A D
-3 o
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But from our stability conditions in (17)

Dico (=t (33)
Therefore,

av,- .

6-15:<0' G=1---,m) (34)

That is, any fixed output will always be produced with less of any
given factor as its respective price rises, other prices not changing.
By the law of the mean this can be shown to hold for finite changes.

Let us now determine the economic meaning of \. Rewrit-
ing (11)

G=A4+ iw.*v.- — Me(vy, -+ -, v2) — 2],
1

and differentiating G, which is total cost with a term added on,
we get
G _
ox
This suggests that A may be marginal cost. This can be proved
rigorously in two ways. Of course,

A

dC = ¥ wdy;, (35)
and

dx = Z @dv;. (36)

Dividing (35) by (36), we get

i dei
¢ T . @37
% % pdv;
Substituting from (12),
3 Aedy;
acC - 1. = \(x, @1, ) Wa)e (38)

ox Z ¢ .d!l.‘
1
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More rigorously the proof is as follows:
E _ hid av;

ox ; wi x (39)
Substituting from (24),
aC n Aniri _ y o Aagrg ;
xS W oa TAI ey (4?)
But expanding A in terms of the elements of the last row, \
A =3 oldunr (41)
1
Hence, sC A
El A 3= . (42)
Therefore, we may rewrite (12) as follows:
aC
Wi 5. O (43)

Thus, it may be stated as a theorem that in order for total costs to
be a minimum for any given output, the price of each factor must be
equal to marginal physical productivity times marginal cost.* This
holds regardless of revenue considerations.

Of course,
dA 9:C
ox = oxt " (44)
and
oA a:C
dwe ~ dxdw, (45)
From (24), (25), and (29),
oA v
3w, - ox ' (46)
or
B’C av,,
axawk - W' (47)

) 4 This has been pointed out in another connection in lectures by Professor Viner
with illuminating insight into the relationship of the external to the internal margin, and
the broad zone of indifference as a substitute for the infinitesimal. Paradoxically, it is
this condition which is basic to Mr. Wong’s famous envelope theorem !
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That is, the change in any input item with respect to an increase
in output must be equal to the change in marginal cost with respect
to a change in the price of that input item.

Recall from (26)

a_): - (2(_/: —- An+|.n+l
ax  daxr A (48)

Now it is known from (17) and (27) that A has the sign of (— 1)=.
Also

P11 @in
An+1.n+l = = III (49)

©ni @n

where 1 is called the Hessian determinant of the production func-
tion. Obviously, therefore, the slope of the marginal cost curve must
have the same or opposite sign as compared to this Ilessian, depending
upon whether the number of inpuls is even or odd; i.c.,

&C
(- )"HZZ > 0. (50)

Thus the stability of pure compctition is intimately tied up with
the Hessian of the production function, a result not intuitively
obvious.

I should also like to indicate certain other results, leaving their
rigorous derivation to the interested reader. Consider equation (5),

v; = fi(x, w1, -+, Wa). Z=1,---,n)
These functions are defined by (10) and (12),

x = @, * -, n)
and

w; — Ag; = 0. =1, ---,m
(12) may be rewritten as follows:

e _ Wi G

o s w =2, -,n) (51)

Obviously, the changing of all prices in the same proportion will
leave the solution of (51) unchanged; hence, the functions in (5)
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must be homogeneous of order zero in the variables (w, - - -, w,),
x being constant; i.e.,

vizf‘(wih'“»wn)=fi(x9w1n"':7'u'a)v (i=1,"',ﬂ) (52)

where v is arbitrary. Hence, from Euler’s theorem on homogene-
ous functions,

0 Zwgs. G=1-n (53

This can be verified by substitution from (22).
By analogous reasoning,

- aC
C=A+‘L:,'w.-—a‘, (54)
where
aC
3w, = U (55)

Actually, from the considerations of the previous chapter it is
possible to deduce a more general condition which includes (34) as
one minor part. The minimization of total expenditure for a given
output, price being fixed, implies (10) and (12). In addition, at a
regular minimum we must have *

du;

for not all ¢; proportional to w;. Consider the determinant
a(”lv Sty vﬂ) avt'

O(wl, e, wn) 0 aT”; (57)
and
m an
O, v)  |w: 9w, 3(vy, vs, 03)
" 3(w,, we) v on "B S W, w5) etc. (58)
ow, dw,

Then each such principal minor of order m (less than #) must\be
negative or positive depending upon whether m is odd or even; i.e.,

(= )"Gia...w > 0. rig.. G =0 (59)

d m chap. iii, p. 30, Mathematical Appendix A, Sections IV and V, and chap. v,
PP. .
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Spectfically,

% . av’ a”h avj)
aw’_ < 01 aw’. 6w;, > 0 etc. (60)

It may be well to summarize our results of this section:

dy; < 0; a(v;, vi)

ow; 3w, wy) > 0; etc. (34) and (59)
80. dv;
aw, G-w’,, (31)
a*c ov;
3z, = 3" (47)
acC .
Wi = Noi = o= @i, (¢=1,.---,mn) (12) and (42)
0*C
(= )"H 735 <0, (S0)
> <0 G=1,--,n) 53)
T ow; 3 = WV = 4 B (
aC
= Y (55)
C=4+ruwil. (54)

BOUNDARY OR CORNER MINIMA

Even in the case where the production function and its deriva-
tives are continuous with the proper convexity to insure a uniquely
determined optimal position, the interesting case may arise where
some factor may not be used at all. That is to say, the more that
others are used and the less of it, the lower will costs be for any
given output. In this case the conditions for equilibrium do not
require the equalization of the marginal productivity of the last
dollar spent on it to that of other factors. Rather do we have a
boundary minimum due to the fact that no negative values are
economically admissible. Hence, the conditions of equilibrium
are given by the statement that for any input, potentially usable
but not actually used, the marginal productivity of the last dollar
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spent on it must not be greater than the marginal productivity of
the last dollar spent on factors which are used.®
Mathematically,

2
Wy

=

, (61)

> |

where the uth factor is one not actually used. Y

As the price w, changes, it may still remain unused until soxr\e
critical level at which it will begin to be used, and hence will fall
into the analysis of the previous section. Of course, the critical
level may very well depend on the scale of operations; i.e., output,.
so that with the same price it may still be brought into use by an
increase in output.’

The demand function for such a factor of production will have
the following properties:

vy = fr(x, Wy, wy, -, Wn), (62)
g;;" = 0 in some domain defined by ¥/(x, w., wy, - - -, w,) < 0, (63)
v,

ow < 0in some domain defined by ¢(x, w,, wy, - - -, w,) > 0, (64)

where ¢ is so constructed as to form the locus of all critical points
described above.

ISCONTINUITIES IN THE PropbucTioN FuNCTION

I should now like to drop the assumption that the production
function is necessarily continuous with continuous partial deriva-
tives at every point. This assumption has been challenged by
many economists, who have alleged that production coefficients

® There is an interesting discussion of an exactly analogous equilibrium system in
the famous paper of J. Willard Gibbs, “The Equilibrium of Heterogeneous Substances,"
Collected Papers, I, 55-349.

" An analogy is suggested to the case of items which do not enter into a consumer's
budget until income increases or their relative prices decrease to some critical levels.
Be it noted that this phenomenon here described can occur even though there be in-
creasing marginal physical productivity, just as the budget case does not restrict the
behavior of marginal utility. It can be mathematically proved that this result is inde-
pendent of the cardinal measure of product (utility). Another analogy is provided by
the classical comparative cost doctrine—according to which a country specializes com-
pletely in one good; the equilibrium is defined by a certain inequality between prices
and marginal costs.
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are technically fixed, that some factors are “limitational,” some
factors of production ‘“must’’ be used in certain joint proportions,
etc. These discontinuities, if true of the real world, have been
thought by many economists to offer serious problems to the analy-
sis of distribution and the pricing of the factors of production.

It will be argued here that the fact of discontinuity offers no
problems to the firm—on the contrary, its task is made much
easier. As an obiter dictum 1 hold that it also offers no particular
difficulty to the analysis of the wider problem of determining the
prices of the factors of production with which each firm is to be
confronted. As before, these are to be determined by general
equilibrium analysis of supply and demand.?

As before, we have a production function relating maximum
output to any given sct of inputs:

x = @(vy, -+, Vo). (65)

Precisely as argued in the first section this must be single-valued.
However, it need not be continuous nor have partial derivatives
at every point. In order that therc be no contradiction to our
definition of output as maximal, we must have

Ap =0, for Av, = 0. (Z=1,.--,n) (66)

That is, as we increase all factors together, output cannot decrease,
since otherwise product would not in the next position be maximal.

For definiteness I assume that along an isoquant the production
function contains only a finite number of points which do not
possess continuous partial derivatives. At a point of discontinuity
it is assumed that left-handed and right-handed partial derivatives
exist. Of course, at a point of discontinuity there does not exist
a uniquely defined plane tangent to the isoquant, but limiting
direction cosines can be found for all planes which touch but do
not cut the isoquant surface. It is also assumed that the isoquants
are of a “single concavity,” to be defined later. The production
function so defined is general enough to include the case of fixed
coefficients of production, ‘‘perfectly complementary” factors,
limitational factors, etc.

® It is possible that within a narrow range the price may be indeterminate due in
special cases to coincidental inelasticity of supply and demand.
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Note. that all the inputs are to be regarded as independent
variables. It is never true that they must be used in fixed propor-
tions. It is true that it may be unprofitable not to do so, but this
is a result of economic calculation. Even in the continuous case,
given certain economic data, the factors must (on consideration of
profitability) be used finally in given proportions, and in deter-
mined amounts for each output. The only difference between
these cases is that in the discontinuous case the required optimum
point may be more obvious and less sensitive to changes in tﬁt
prices of all factors of production. Be it understood that I do no
minimize discontinuity. On the contrary, I should like to indicaté
the outline of a method which will handle both cases. ‘

Along an isoquant it is assumed that we have convexity as de-
fined below. Consider any point on an isoquant, (v, - - -, va}).

There must exist constants, (a)!, - - -, aa!), (not necessarily unique)
such that
i al(v: —v!) 20, (67)
1
where (v,%, -- -, v,?) is any other point along the same isoquant.

This merely says that there exist one or more tangent planes at
each point which touch but never cross the isoquant. Similarly,

at the second point there exist constants, (a,?, - - -, a,?), such that
T advd — v2) 2 0, (68)
o 1
- )'l_*,af(v.ﬁ ~ ) Z 0. (69)
Adding (69) and (67) and changing sign, we get
L (a? = )02 — o) S0. (70)
Since these are two arbitrary points, taking one as fixed, say
(2% - -, va?), we must have along an isoquant
T adtn; = 0 (71)
for l

?(”lo, M) ”’lo) = ¢(vl° + Ay, -0, 0.0 + Mu)o
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and

Y AaAv; 0. (72)
1

Actually, it can be verified that the necessary and sufficient
conditions imposed on (a)° - - -, a,’) in order that (71) holds are
the following inequalities:

e ab et

el a’ P (73)

where ;L and ;8 are respectively the largest and smallest of the

left- or right-hand derivatives at the given point. At any point

where there is no discontinuity, the right-hand and the left-hand

derivatives are identical; hence, the inequality converges to the

equality,

ad _ eiv -0, 0)

a’®  e1(® -, 00) (74)

All of the above are merely elaborations of the definition of con-

cavity. It remains to show its relevance to the problem at hand.

CoNDITIONS OF EQUILIBRIUM
Suppose we are given a set of prices ()", - - -, w,?) correspond-
ing to which there is one combination of factors (v,°, - - -, va?) which
minimizes total cost for given output. As a definition of our
minimum
AC =0 (75)
for
Ax = 0, Av; E 0.

In other words, for any point (v,, - - -, va) along the same isoquant
we must have

T wh = T whd (76)

for
(v, -, ) = (00 -, %),

"‘Z wAy; )
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for
W(vlo+ Avlv Sty vno + Avn) = ‘P(vloy Tty v’lo)-

Obviously from (73) this implies

e _w’ _ e

(78)

In the case that the maximum point is one at which continuous
derivatives exist, we have the conditions of the previous section,
Pi ’w._o !
A (19)
Thus, condition (78) is the general condition which includes (79).
as a special case. '
Furthermore, it is still possible to place definite restrictions on
the demand functions for the factors of production, output being
constant. As before,

vlo = fl(xy wloy ) wno)r (80)
or
Av; = Ji(x, w)° + 4wy, -, 0+ Aw,) — 00 (81)
From (72) we have
}..: AwAy; =0 (82)
1
for
Ax = (.

Suppose that only the price of the kth factor varies. Then
(82) becomes
Aw, Ay, = 0. (83)

That is, an increase in the price of a factor cannot result in an
increase in its use. Likewise, a decrease in its price cannot result
in a decrease in its use. Still more generally, it can be stated that
a change in the price of any number of factors cannot result in a
change in amounts of all the factors in the same direction: i.e.,

i A'w,-Av,' = O, (f = n) (84)

for all Aw, = 0, not all Av; > 0; likewise, all Aw; = 0 implies not
all Ay; < 0.
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DETERMINATENESS OF EQUILIBRIUM

Clearly our minimum cost is unambiguously determined even
in the case of discontinuity. The task of the firm is easier because
the penalty for not being at the minimum point is greater and more
obvious. To be at the top of a smooth hill requires fine balancing
and judgment. To find a maximum which is a cusp or spire is
much easier. Moreover, such an equilibrium is extremely stable.
It is sometimes called ‘‘too stable’’ equilibrium. In order to move
it a very large change in prices may be necessary. In the limiting
case where the increase of cach factor in more than the optimum
proportion results in no increase in product, the wage may fluctuate
from zero to infinity without changing the proportions of factors
cmployed for each output. And yet the problem is completely
determined.

It is curious to see the logical confusion into which many
economists have fallen. The primary end of economic analysis is
to explain a position of minimum (or maximum) where it does not
pay to make a finite movement in any direction. Now in the case
that all functions are continuous, it is possible as a means towards
this end to state certain equalities on differential coefficients which
will (together with appropriate secondary conditions) insure that
certain 1nequalities will hold for finite movements. It isno exagger-
ation to say that infinitesimal analysis was developed with just
such finite applications in view. Unfortunately, the means have
become confused with the ends, and so conventions and artifices
are continually sought in order to be able to make statements con-
cerning marginal equivalences. A casc in point is the Marshallian
marginal net productivity. It is only in the singular case that the
production function is differentiable (i.e., possesses certain proper-
ties of continuity) in a certain direction (i.e., for certain composite
movements) that it is possible to employ this device; whereas the
inequalities of condition (78) always give necessary and sufficient
conditions, and include the marginal net productivity relations
whenever these happen to be applicable.?

% An example of another improper use of marginal net productivity curves is pro-
vided by the treatment in Mrs. Robinson's The Economics of Imperfect Competition
(London: Macmillan, 1933), chap. xx. The reasoning is mathematically circular; the
so-called demand curves skift with changes in the wage of one factor! This follows from

the fact that they are drawn up as of appropriate amounts of the other factors. Tlgese
appropriate amounts are necessarily a function of the prices of all factors of production.
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Although equilibrium is determinate for the single firm. con-
fronted with prices of the factors of production, discontinuities of
the production function may introduce some difficulties into the
general equilibrium problem whereby all firms and individuals
together through the interplay of their demands and supplies de-
termine the prices with which each is confronted. For discon-
tinuities may introduce perfect inelasticities of demand in certain
domains; there emerges the possibility, however remote, of coinci-
dental inelasticities leading to indeterminacy of price within certair
limited ranges. But this is outside the scope of the present
discussion. |

MAXIMIZATION OF PROFIT

By now we have attained to the point where most discussions
begin. We have seen how to derive the locus of factor combina-
tions which give lowest total costs for each output. But as yet
the scale of operations, level of output, actually to be undertaken
has not yet been determined. This can only be done in the face
of a new set of considerations, those relating to the terms at which
different amounts of the commodity can be sold. I take as a
datum the maximum amount of gross total revenue which can be
secured for each level of output. This may be written

R = R(x). (85)

Let us define profit, net revenue, as the difference between gross
revenue and total expenditure,

T = T(xt Wy, wﬂ) = R(x) -4 - V(xv Wy wn)' (86)

Output will be optimum when profit is at a maximum. Necessary
conditions that this be so when all functions are differentiable are

o g i 140 (88)
Assuming that we have a regular relative maximum, this becomes
Rz (90)
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This is the familiar theorem that at the optimal output the
marginal revenue curve must intersect the marginal cost curve
from above.!®

Regardless of whether or not the profit function has derivatives
at each point our proper maximum conditions are

Axr < 0, for Ax = 0. (91)
or
AR AC
‘A—x— < Z; , for Ax > 0, (92)
AR _ AC
Ax > A’ for Ax < 0. (93)

The economic common sense of this is obvious.!!

Equation (89) gives us a relation to determine optimum output
x°. By substituting the value of x° so obtained, in (5) we get a
new set of demand curves for factors of production, drawn up as
of a given total revenue curve.

v, = fi(x% wy, -+, wa) = gf(wy, -, Wa). G=1,---,n) (94)

It is possible to derive the positions of output, input, etc., in a
more direct fashion by treating all the inputs as independent
variables.

Let

70 0 Wy, -, Wa) = R{p(oy, -+, o) ] — 4 Twa (95)
1

At a proper maximum

R pi—wi=0, (=1-m (96)

and
T = [R.¢i; + Ruzviv;]

must form the coefficients of a negative definite quadratic form.

10 The famous cost controversy may be interpreted as an argument over the impli-
cations of these conditions.
1 In the case of pure competition, when price is independent of sales, these condi-
tions become
C
< ‘:—;C and > %’- N respectively.

It can also be shown that ApAx = 0; i.e., that an increase in prices cannot, celerss parsbus,
result in a decrease in quantity supplied. Hence, the firm's supply curve cannot be
negatively inclined.
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The results in (96) follow from (43) and (89), since for any
output factor price must equal marginal cost times marginal phys-
ical productivity, while for optimum output marginal cost equals
marginal revenue. These are n equations from which we can
solve for the n factors of production in terms of the n prices to get
the demand functions of (94).

=gi(w1v"'vwﬂ)' ('i=1,"‘,ﬂ)
Actually, it is known that 1

av‘_ 1__7;‘_].' )
;’E_g'_T’ (97)

\

where T;; is the cofactor of the element of the 7th row and the jth
column of the above matrix. From the definiteness of the above
quadratic form it follows that these last must form the coefficients
of a negative definite form; i.c.,

9, a(g g o
3w, < 0; 3w, wy) wk) > 0; ectc. (98)

INDETERMINACY IN PUREST COMPETITION?

If competition is ‘“‘pure’’ in the commodity and factor markets,
and the production function is homogeneous of the first order, then
it is a classical fact that the matrix T, which except for factors of
proportionality is by the first assumption identical with the Hessian
of the production function, is singular. Therefore, a regular maxi-
mum for the firm is impossible. Unit costs being constant, and
demand being horizontal, there are only three possibilities: price
being everywhere greater than marginal cost, it will pay the firm
to expand indefinitely, i.e., until competition ceases to be pure; or
if price is less than marginal cost, no output will be produced; or,
finally, if price is identically equal to marginal cost, the exact
output of the firm will be a matter of indifference. Thus, what
was usually regarded as the most favorable case for pure competi-
tion turns out to yield indeterminate output for each firm.

However, too much should not be made of this paradox. Even
though the output of every firm may be indeterminate, their sum

2 Compare H. Hotelling, “Edgeworth’s Taxation Paradox and the Nature of
Demand and Supply Functions,” Journal of Political Economy, XL, 577-616.
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may be determinate, in the same way that the sum of two discon-
tinuous functions may be continuous. For if many firms expand
output, others will contract; for price will fall along the industry’s
demand curve causing contraction. It has been argued, however,
that competition will disappear since any one firm, with no ob-
stacles to its expansion, will grow until it is a ‘‘significant part of
the market,” at which time it will be able to affect the price of
its product.

This is similar to the familiar argument by which it is shown
that decreasing marginal cost within a firm will lead to monopoly.
Nevertheless, the analogy is faulty. For the demand curve of any
firm is equal to the demand curve of the industry minus the supply
curve of the remaining firms, already in the industry or potentially
therein. This being the case, it is easy to show that under uniform
constant costs the demand curve for a firm is horizontal even
though it produces 99.9 per cent of all that is sold, Geometrically,
the long-run supply curve of potential rivals is horizontal, and a
horizontal curve subtracted laterally from any curve must always
yield a horizontal curve. Economically if the firm were to begin
to restrict output so as to gain monopoly profit, it would cease to
sell 99.9 per cent of the output or even anything at all. Conse-
quently, it would not attempt to do so, but would find its maximum
advantage in behaving like a pure competitor.

Thus, it remains true that the classical assumptions underlying
pure competition are actually consistent. It is no accident that
Walras and Marshall paid so little attention to the firm and so
much to the industry. For under the purest conditions of competi-
tion the boundaries of the former become vague and ill-defined, and
also unimportant, since through reactions to prices the factors of
production adjust themselves in the right proportions and in the
right total amounts for the industry.

Perhaps to a greater extent than in the case of increasing cost
will the industry be subject to oscillation around its equilibrium.
However, once displaced, output will tend to return to the correct
value, so that the equilibrium may be said to be stable even though
it would appear that a limitingly small individual would have no
incentive to keep his output unchanged. However, the same is
true of the situation where the price of the same good in two
markets just balances the transportation costs necessary to transfer
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a unit of the good from one market to the other. Any one arbi-
trager has no special inducement to ship more or less than he is
actually doing, nor even to ship just the amount that he is doing.
Yet the equilibrium is stable; for if the right amount were not to
flow, the spatial price differential would change so as to return the
system to its previous position. To an infinitely near-sighted olive
the bottom of the cocktail glass appears level, and it no doubt
regards itself as being in neutral equilibrium. Actually, the equi-
librium is stable as any finite movement will show. \

"XI{ISCONTINUOUS CAasE

In the general case where the production function is not neces-
sarily differentiable we have still for a maximum

Ar =0, for Av; = 0. (99)

As a special case of this, for a movement of one factor, all others
constant, we must have

AR Ax 00
2% B, < w;, for Av; > 0, Av; = 0, (100)
AR Ax

Az a9, > wn  for  An; <04y =0 (101)

That is, it must pay to move neither backward nor forward.
Moreover, consider a given set of factor prices (w,% - - -, w,?).

Corresponding to this there is a set of factors (v, - - -, v,°) which

give a maximum profit. In order that this be a real maximum

RLo@!, -+, 00] — 4 — ¥ w3 = R[e?, - -, 2a9)]

-4 - T whd (102)
1

Consider a set of prices (!, - - - , w,!) for which the (arbitrary)
point (v}, .., 2,}) is the point of maximum profits. Then

R[¢(vl°o ) vno)] -4 - % wl‘lvio = R['P(vx‘. Tty vﬂl)]

-4 - T whd (103)
1
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Now adding (102) and (103) and canceling terms we get

z':; (i — wd) (o} — v0) =0, (104)

or

Y AwAv; = 0. (10S)
1
For only the jth price varying, this becomes
AW,'AU,' =0. (106)

In other words, a decrease in a price cannot result in a decrease in
the factor used. Further possible interpretations are of course
possible.

As before, the general case is simpler than that of the special
continuous case. Moreover, the method of finite increments ap-
pears to be mathematically simpler in the sense that it is possible
to state the qualitative direction of changes without solving in-
versely for the actual demand functions.

The method employed here is that which underlies Le Chatelier’s
principle in physics. By making use of Professor E. B. Wilson's
suggestion that this is essentially a mathematical theorem ap-
plicable to economics, it has been possible to gain increased gener-
ality without increased complexity and emptiness.

It is important to realize just how much content there is to a
particular economic theory. As far as the single firm is concerned,
everything fundamental which can be said is implied in the state-
ment that in equilibrium there must exist no movement by which
the firm can improve its profits; i.e., A = 0 for all movements of
variables possible to the firm. In the case of continuity certain
necessary relations of differential coefficients (marginal equiva-
lences) are implied. Moreover, assuming certain specific forms to
our functions (independence of prices, etc.), it is possible to deduce
formally the implications of an equilibrium position (e.g., negative
demand curves, positive supply curves, etc.). It appears that no
more than th/is can be validly stated.

\)t/ EXTERNAL CONDITIONS OF EQUILIBRIUM

Thus far we have been discussing the conditions of equilibrium
imposed from within the enterprise by its desire to maximize
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profits. This has resulted in certain marginal inequalities. Econ-
omists have not stopped here, but have also tried to analyze certain
conditions of equilibrium resulting from inter-compectition among
firms. That is to say, they have tried to state conditions upon
the market situation (obstacles) with which each firm will be con-
fronted. In particular, they have been interested in the determina-
tion of the rate of profit which any firm can earn.

It has often been argued that not only must price (average
revenue) under ‘‘perfect’”’ competition equal marginal cost, but also\
it must be equal to average cost so that net revenue will be zero.\
This second condition has not always been recognized as being of
an entirely different nature from the first. In this section an
attempt will be made to distinguish between them. It is hoped
that in so doing it will be possible to put the famous ‘“‘adding up”
problem and homogeneity of the production function in its proper
place.

In the beginning, to avoid confusion, no use is made of the
term ‘‘perfect’’ competition. The term “‘pure’” competition will be
understood to mean that the demand curve for any producer is
infinitely elastic, that his sales cannot affect prices. The problem
of discontinuity is ignored. Under these conditions the internal
conditions of equilibrium are that marginal cost be equal to mar-
ginal revenue (price), and hence, that the marginal physical produc-
tivity of each factor times the sales price of the good be equal to
the price of the respective factor.

JR oC
R _p-%, (107)
aC \J
w, = 5? @ = P(p.'. (108)

These are marginal conditions and say nothing about the totals
involved. It is also true by definition of the “long-run’ as that
period in which all costs can be avoided by going out of business,
that the firm must never have a negative net rcvenue. As a
condition internally imposed we know that

=0, (109)
or

R(x) = ¥ was. (110)
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Some writers, by a curious play on words, have been able to
arrive at the condition that average cost equals price. A typical
form of the argument is as follows: (1) a firm will equate marginal
cost to price; (2) it will also try to minimize its unit cost; (3) at the
point of minimum unit cost average cost equals marginal cost;
(4) hence, average cost must equal price (average revenue) and
profits will be zero.

Stated explicitly, it is obvious that the second statement is false.
The play on words arises from the confusion of the condition that
for each and every output total and unit costs must be a minimum
with the statement that of all outputs possible that one is chosen
at which unit cost is the lowest. The first implies the valid condi-
tion that the marginal productivity of the last dollar in every use
must be equal.  The second implies the invalid (from internal con-
siderations) condition that output be determined irrespective of the
sales price.

On the other hand, some have tried to argue as follows: (1) the
production function from the nature of things must be homogene-
ous of the first order; (2) by Euler's theorem it follows that if
factors are paid “‘according to the marginal productivity principle,”
product will be exhausted.

As an example of the lack of integration between the theory of
production and that of cost, we find many writers asking whether
product will be exhausted at the same time that they have already
agreed that price equals average cost, and total revenue equals
total cost. Of course, the latter condition is merely another way
of stating the former.

Once the problem is properly stated as that of determining the
relation between gross revenue per unit and expenditure per unit,
it should be reasonably clear that this cannot be determined by
the properties of the production function alone, but must depend
upon the marketing situation of the firm, which in turn depends
upon the competition of other firms. It is quite clear that as far
as the single firm is concerned it is possible that it be making huge
profits regardless of the homogeneity of the production function.
This condition is neither necessary nor sufficient to the exhaustion
of the product. If the production function were homogeneous, but
demand were sufficiently favorable, of course product would not
be exhausted—even under pure‘competition.
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Ahe problem of homogeneity of the production function is one
about which much controversy has raged. It has long been held
on philosophical grounds that product must be a homogeneous
function of the first order of all the variables, and that if this is not
so, it must be either because of “‘indivisibility’’ or because not all
‘“factors’ have been taken into account. With regard to the first
point, it is clear that labeling the absence of homogeneity as due
to indivisibility changes nothing and merely affirms by the implica-
tion that “indivisibility’’ does exist, the absence of homogeneity.,

With respect to the second point, we may reverse the Aristos
telian dictum and affirm that anything which must be true self-
evidently (‘“‘philosophically’’), intuitively—i.e., by conventional:
definition of the terms involved—that such a principle can have
no empirical content. It is a scientifically meaningless assertion
that doubling all factors must double product. This is so not
because we do not have the power to perform such an experiment;
such an objection is of course irrelevant. Rather the statement
is meaningless because it could never be refuted, in the sense that
no hypothetically conceivable experiment could ever controvert
the principle enunciated. This is so because if product did not
double, one could always conclude that some factor was *‘‘scarce.” 13

It is useful, I believe, to avoid the expression ‘‘factor of pro-
duction” entirely. This has been used in at least two senses,
neither of which is quite satisfactory. First, it has been used to
denote broad composite quantities such as “labor, land, and capi-
tal.” On the other hand, it has been used to denote any aspect
of the environment which has any influence on production. I sug-
gest that only “inputs’ be explicitly included in the production
function, and that this term be confined to denote measurable
quantitative economic goods or services. The production function
must be associated with a particular institution (accounting,
decision-making unit, etc.), and must be drawn up as of any unique
circumstances pertaining to this unit. Other definitions are of

¥ Any function whatsoever in n variables may be regarded as a subset of a larger
function in more than » variables which is homogeneous of the first order. It is because
this is true of any arbitrary function that this generalization is useless. For example,
the volume of a sphere not being a homogeneous function of the radius, a new factor can
be defined whose ‘‘scarcity” will explain this fact. Like a false proposition in logic from

which every proposition can be derived, this overgenerality renders such a convention
use!



THEORY OF COST AND PRODUCTION 85

course possible, but it is clear that our previous conditions cannot
be expressed in terms of them.

#-So defined, the production function need not be homogeneous
of the first order. If really homogeneous, marginal costs would
always be constant.!* It is indicative of the lack of integration
mentioned above that many writers assume U-shaped cost curves
in the same breath with homogeneity of the production functiony,

In reality, it is not on philosophical grounds that economists
have wished to assume homogeneity, but rather because they were
afraid that, if they did not do so, contradictions would emerge to
vitiate the marginal productivity theory” This is simply a mis-
conception as will be indicated below.

Our discussion can be confined to the relation of total cost and
total revenue. The implications for marginal productivities can
then be indicated.

It is clear that the firm does not of its own volition act so as to
equate average gross revenue to average expenditure, although it
may in the long-run prevent average revenue from being less than
average cost by going out of business.

[t is only through the competition of new firms that the demand
curve of the firm may so shift downward as to make the position of
maximum profit one at which total gross revenue equals total
expenditure.

Reserving for later investigation the conditions under which
the demand curve will so shift, let us investigate the implications
of the assumption of zero net revenue. Given

R aC
and
=R~-C=0, (112)

it follows that the demand curve must be tangential to the total
unit cost curve.

In the case of pure competition the demand curve is a hori-
zontal line, and under the conventional assumptions as to the shape
of the cost curve, the tangency will be at a unique point, that of

1 It follows from Euler's generalized theorem on bomogeneous functions that the

Hessian of a homogeneous function of the first order is identically zero. Obviously,
stable equilibrium for a firm under pure competition is impossible in these circumstances.
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minimum average cost. This follows from the fact that average
cost must be equal to marginal cost, and that the latter is rising.

C
35 = P = 35 = 5 = minimum average cost.®  (113)

Of course,
px = % w; by assumption, (11@:4)
and \\
w = 5 i = pos (115)
Hence,
x = )1: o (116)

This looks superficially like Euler’s theorem, but it is not. For
Euler’s theorem is an identity and should be written

=5 om. (117)
1

whereas this is merely a condition of equilibrium holding at a
single output.

Moreover, in the case that the demand curve may be negatively
inclined, we get the more general formulation

dR

ax
X = 0 Z @iV;. (118)

b4
This formulation differs from that of Walras, Wicksell, and
Hicks in that the condition of minimum unit cost is derived as a
theorem from the condition that total revenue equal total expendi-

1 At a minimum of average cost

2
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ture. It is this last condition and the forces which lead to it that
are of importance, and not the question of homogeneity at all.

It is quite clear that in the real world net revenue is not zero
for all firms, nor is it tending towards zero. This is true under
pure competition as well as impure competition. It is clear that
this residuum must be “‘due’” to something, and it may be labeled
by any name we please (rent to institutional advantage, etc.).

The existence of this residuum does not imply any indeter-
minacy whatsoever. Optimal output, revenue, expenditure, and
the difference between these two terms are all fully determined.
Of course, under ideal conditions this residuum will be capitalized
by going concern valuations. Economists, remembering the class-
ical solution of the problem of distribution in which the shares of
two or more factors were simultaneously residually determined,
have swung too far in the opposite direction. The attempt to
“explain’ all residua in terms of marginal productivity analysis
applied to a wider production function can always be done by
convention, but is devoid of empirical content.

It is convenient to have an analytic definition for the case in
which ‘“‘competitive’” conditions between firms are such that the
demand curve of any firm will always shift until net revenue is
equal to zero. The term ‘“free entry”’ may be defined as the con-
dition under which this holds. Of course, this classification cuts
across that of pure or impure competition. Thus defined, free
entry is a condition to be looked for empirically, rather than one
imposed upon the data a priori.

I suspect that part of the economists’ intuitive desire to define
a catcgory of “‘profits” as distinct from ‘“‘rent to institutional ad-
vantage'’ stems from a subconscious remembrance of the old-
fashioned distinction between ‘“‘natural’”’ and “‘contrived’’ scarcity.
Perhaps too little is heard today of this distinction, which has
important connotations for social policy and welfare economics.

SUMMARY

In conclusion, a summary formulation of the analysis is pre-
sented to replace the famous three Theorems of Walras. These,
aside from being redundant and ambiguous, are not each of the
same order of meaning. The formulation here is for the continuous
case and in terms of marginal equivalences, but the more general
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formulation in terms of marginal inequalities readily suggests itself.
Throughout a firm with given production function, factor prices,
and demand conditions is posited. The general case of pure or
impure competition is considered.

I. The first fundamental assumption is that the firm tries to
maximize its profits, and from this the following internal conditions
of equilibrium can be deduced. ,

A. Any output which is produced must be produced with fact
combinations such that total cost is a minimum. As a result df
this we have two corollaries.

1. The marginal productivity of the last dollar must be equal
in every use.

2. The price of each factor of production must be proportional
to marginal physical productivity, the factor of proportionality
being marginal cost.

B. That output will be selected which maximizes net revenue,
total cost being optimally determined by the previous conditions.
This implies

1. The equality of marginal cost and marginal revenue, the
slope of the latter being the smaller.

2. In combination with the previous conditions under A we
also have the marginal value productivity of each factor equal to
its price, the first term being defined as marginal revenue times
marginal physical productivity.

3. Total cost must not exceed total revenue, since otherwisc
the firm would go out of business.!®

I1. If we impose by arbitrary assumption or hypothesis the
external conditions that entry be free, i.e., that total revenue be
equal to total cost, then

A. Product will be exhausted by definition.
B. The demand curve must be tangent to the unit cost curve.
In the case of pure competition this implies minimum average cost.
18 If the enterprise under consideration owns productive resources which have a sale
value on the market, it is necessary that net revenue be at least as large as the sale

(liquidation ) value of these resources. As an internal condition of equilibrium » = sale
value of owned resources. Alternative uses elsewhere introduce '‘opportunity costs.’



THEORY OF COST AND PRODUCTION 89

Aside from the above general conditions of equilibrium, it has
been shown how the definition of an extremum position may be
utilized (a) to evaluate the direction of change of variables with
respect to parameters (prices) taken as data, regardless of condi-
tions of continuity, and (b) to develop reciprocal relations imposed
upon demand derivatives, where these exist.



CHAPTER V
THE PURE THEORY OF CONSUMER'’S BEHAVIOR

IF oNE were looking for a single criterion by which to distinguis
modern economic theory from its classical precursors, he woul
probably decide that this is to be found in the introduction of the
so-called subjective theory of value into economic theory. This'
revolution in thought broke out almost simultaneously along three
fronts, and with it we associate the names of Jevons, Menger,
and Walras.

Moreover, it is this part of economic doctrine which has proved
to be the center of so much controversy. Indeed, mamy critics of
the orthodox tradition have identified the whole body of economic
theory with the belief in that abstraction, komo economicus. In
fact, many economists, well within the academic fold, would sepa-
rate economics from sociology upon the basis of rational or irra-
tional behavior, where these terms are defined in the penumbra of
utility theory. It would seem extremely important, therefore, to
know clearly what is contained in the conventional utility analysis,
if only to understand the consequences of denying its validity.

EvoLuTtioN oF UTtiLiTy CONCEPT

The concept of utility may be said to have been undergoing
throughout its entire history a purging out of objectionable, and
sometimes unnecessary, connotations. The result has been a much
less objectionable doctrine, but also a less interesting one. With-
out doing justice to the subject, these developments may be sum-
marized in a brief way. It must be clearly understood, however,
that these are the movements of the pioneers of thought. Their
work appears chiefly in academic journals, and has little influenced
the general class of economists.

(a) One clearly delineated drift in the literature has been a
steady tendency towards the rejection of utilitarian, ethical, and
welfare connotations of the Bentham, Sidgwick, Edgeworth va-
riety. These matters still receive consideration in questions of

90
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normative policy, but they are clearly separated from the problem
of consumer’s behavior. Although especially marked in regard to
inter-individual welfare comparisons, there is the same tendency
in connection with the analysis of the behavior of a single indi-
vidual. Only as obiter dicta do we find in the modern literature
discussions of particular pleasures as being pure or impure, etc.!

(b) Concomitantly, there has been a shift in emphasis away
from the physiological and psychological hedonistic, introspective
aspects of utility. Originally great importance was attached to
the ability of goods to fill basic biological needs; but in almost
every case this view has undergone extreme modification. At the
same time, there has been a similar movement away from the con-
cept of utllltx as a sensation, as an mtrospectlve magmtude Itis
not merely that the modern economist replaces experienced scnsa-
tion or satisfaction with anticipated sensation, desire, according to
the now familiar distinction between ex post and ex ante analysis.
But much more than this, many writers have ceased to believe in
the existence of any introspective magnitude or quantity of a
cardinal, numerical kind. With this skepticism has come the recog-
nition that a cardinal measure of utility is in any case unnecessary;
that only an omference, involving “more’’ or “less’’ but not
“how much,” is required for the analysis of consumer’s behavior.

Indeed, so far has the reaction gone that it is the belief of many
that nothing remains but an empty convention. Others, who do
not admit the hollowness of utility, have in some cases embraced
a formulation of the analysis which is meaningless in any opera-
tional, empirical sensc.? The result is a curious jargon of dogmatic
precepts.

Thus, the consumer’s market behavior is explained in terms of
preferences, which are in turn defined only by behavior. The re-
sult can very easily be circular, and in many formulations un-
doubtedly is. Often nothing more is stated than the conclusion
that people behave as they behave, a theorem which has no em-

! The Cambridge tradition is perhaps an exception in this respect, although even
here the change in emphasis is notable.

1Cf. Alan R. Sweezy, “The Interpretation of Subjective Value Theory in the
Writings of the Austrian Economists,” Review of Economic Studies, vol. 1, no. 3 (1934),
Pp. 176-188,
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pirical implications, since it contains no hypothesis and is consistent
with all conceivable behavior, while refutable by none.?

Nevertheless, as we shall see, the modern utility theory with all
its qualifications is not in a technical sense meaningless. It is a
hypothesis which places definite gestrictions upon demand func-
tions and price-quantity data; these could be refuted or verified
under ideal observational conditions. One should have thought
that these empirical implications would have been the sole end of
the theorists who have concerned themselves with these matteli
Strangely enough, means and ends have been so confused that onl;x\
a small fraction of the literature has been concerned with this:
problem even indirectly; moreover, in this there are scarcely half
a dozen papers in which valid demand restrictions have been
developed.

I do not propose to defend the fruitfulness of these empirical
restrictions. The extent to which they satisfy and unify the fac-
tual behavior of consumers cannot be settled by argumentation.
However, for better or worse the theory of utility has occupied an
important position in economic thought for the last half century.
This alone makes it desirable that its meaning be clearly understood.

PROGRESSION IN MATHEMATICAL THOUGHT

From the beginning mathematical methods have figured promi-
nently in the analysis of utility. Despite the unfavorable reaction
produced among some writers who felt that a spurious precision
was implied by the use of these supposedly ‘“‘exact” tools, it is
demonstrable from the literature that symbolic methods have been
an aid to clear thinking and the advancement of the analysis.*
For those who used this abstract language were forced to formulate
their concepts unambiguously, and so the way was opened for
modification and qualification.

It is interesting, therefore, to review very briefly the history of
some mathematical aspects of the theory to bring out clearly the
progression in thought through time.

3 Still another *'meaningless'’ theory is held by those writers who speak of behavior
in terms of the economsc principle, regardless of whether any empirical behavior related
to it exists.

4 Thus, Edgeworth's Mathematical Psychics offers penetrating insight into the views
commonly held in his day.
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As early as 1854, Gossen is credited with presenting what is
essentially marginal utility. He assumed this to be a decreasing

linear function of the quantity of any particular good. The utility
function would therefore be as follows:

U=K 4+ (aix1 — bix1?) + (a2 — buxs?) + ¢}

Jevons, writing fifteen years later, proposed that the utility
function be written as the sum of utilities pertaining to each good
separately.

U= Vi(x1) + Va(xa) + -+ + Valxa), (2)

where the functions V; obey the law of diminishing marginal
utility.® Specifically,
V./'(x)) >0, 3)
V.)/'(x:) < 0.

In his Mathematical Psychics (1881), Edgeworth, going further
than Jevons, suggested that the requirement that utility be a sum
of functions pertaining to each good was an unnecessary and indeed
unjustifiable assumption. He proposed, therefore, that the utility
function be written in the form ¢

U = o(x, -, %), 4

where ¢ is any joint function of the quantities of all goods, and
where
9% . .
Yy = 9%:9%; 0. (7’ = ]) (5)

By the end of the nineteenth century many writers, notably
Pareto, had come to the realization that it was an unnecessary and
unwarranted assumption that there even exist utility as a cardinal
magnitude. Since only more or less comparisons are needed for
consumer’s behavior and not comparisons of how much more or
less, it is only necessary that there exist an ordinal preference field.

¢ Walras and Marshall also made the assumption that utility may be written as
in (2). In the case of Marshall, as will be discussed later, it is not clear whether he
really intended to be taken literally when making the assumption that utilities are inde-
pendent, or whether he regarded this as an approximation for small movements under
certain conditions.

* Professor Irving Fisher is also credited with the independent discovery of this
possibility at a later date,
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For any two combinations of goods, respectively (x,° - - -, x,°) and
(x4, « - -, xa1), or for brevity, (X°) and (X?), it is only necessary
that the consumer be able to place them in one of the following
mutually exclusive categories.

a. (X9 preferred to (X?)
b. (X') preferred to (X°) (6)
c. (X9 and (X') equally preferred or indifferent. i

For convenience, we may attach a number to each combinatio}y;
this is assumed to be a continuous differentiable function. This
function (or rule of numbering) may be written i

¢ = @o(X) = o(x1, -~ -, Xn). (7)x

It is so constructed that the following three conditions correspond
to the above three respectively:

a'. (X1 < (X
b’ (X% < o(X?) (8)
c. o(X) = o(X).
¢ may be designated as a utility index. The one parameter
family of loci defined by
¢(x11 D) xﬂ) = Cp
where C is regarded as a parameter, are designated as indifference
loci.
It is clear that any function

U = F(o), F'(g) >0 )

defined by any monotonic transformation of ¢, is also a utility
index. For

o(XY) B o(X°) implies U(X1) & U(X), respectively.

The converse also holds. Thus, from any one utility index all
others can be derived by a suitable functional transformation.
To summarize, our ordinal preference field may be written

U= Fle(x1, -+, %)),  F'(9) >0, (10)

where ¢ is any one cardinal index of utility.
It is clear that the choice of any one numbering system or
utility index is arbitrary. The indifference loci are left unchanged
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by any alteration of the tags attached to each, provided ordinal
relationships are maintained. In order, therefore, to avoid the
asymmetry of employing any one favored utility index, many
writers (Pareto, W. E. Johnson, Hicks and Allen, et al.) have sug-
gested that a notation be employed which is dependent only upon
the invariant elements of the ordinal preference field, namely, the
indifference loci.

The direction cosines of the tangent plane to an indifference
locus at any point must be in determined ratios. Given any one
utility index, we have

. ﬂ’ﬂ) (a_xl) (%)
1'(ax2 v=c \90X3/Ju=c’ ‘\ dx, U-C, (11)

Foy:Fy:---:Fo,.

We may take as given the invariant slope functions

as

ax.-

_ (%)_ =Rz, - dm). G =2, -,m)  (12)

These are invariant under any change of utility index, for

_Uilxy -y xa) _ Flodxy, -, %xa)

lRl - Ul(xh Sty xﬂ) FI‘Pl(xly ) xn)
_ ‘Pi(xly Ty xn) . .
= o ) (z =2, ym) (13)

However, if we consider more than two commodities, the func-
tions 'R’ cannot be all arbitrarily chosen. In order that there
exist an ordinal preference field of the type described above they
must, as Professor Fisher has pointed out, satisfy the following
integrability conditions:

lel' — IRi lth' = lRij —_— lRi lle, (14)
so that the following so-called Pfafhan
dx; + ledxz + .- + ‘R"dx,. (15)

admits of an integrating factor y(x,, ---, %), and may be con-
verted into the exact differential
de = vdx, + (v'R¥)dxs 4+ - -+ + (y'R")dx,
= (’ldxl + ‘Pﬂdxﬁ + -+ (’ndxm (16)
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where
YL =9,

¢: = (V'R (17)

From this stage it was but onc small step to the rejection of
the integrability conditions. Thus, Pareto, Hicks and Allen, and
others have been content to start out with the assumption of 4
planar element embodying indifference directions at each pointk\
The latter two writers call these the respective marginal rates of ‘
substitution between the sth and first goods. These are written'
as in (12), but the functions are not required to satisfy the partial

differential equations of integrability presented in (14).
lRl' — lRi(xl' sy xn). (i - 2' Sy n) (18)

and

THE DEMAND FUNCTIONS AS A GoAL

We have seen an account of the transformations which the
preference field has undergone through time. However, nothing
has been said as yet as to the use to which these concepts are put
in the explanation of consumer’s behavior. This we must now do
in order to investigate the meaning—in the technical operational
sense—of the various hypotheses.

Following traditional assumptions of the pure theory of con-
sumer’'s behavior, we consider a single idealized consumer buying
goods and services per unit time in a market whose prices he cannot
appreciably affect. The selling of personal goods and services may
be at times regarded as negative purchases. For present purposes
each good and service is taken as clearly defined, homogeneous,
divisible, etc. Let us designate all goods and services (x,, - - -, x,)
with respective given prices (1, - - -, p»). Total expenditure or
income is defined as

I= xipr + Xop2 + -0+ + XnPn = i Dux;. (19)
1

As of any given total expenditure and a given set of prices, it is
assumed that our idealized individual will select some determined
amounts of each and every good. (Of course, the amount of some
goods may be zero.) That is to say, the quantity of each good is

7 Of course, F'(¢)¢, is also an integrating factor.
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a function of all prices and income.

X1 = h'(Ph sy Dy I)
X2 = h’(Plv “tty Py I)
: ’ (20)

Xn = hn(?l; Tty Pm I)-

These are the general demand functions. Their derivation is the
whole end and purpose of our analysis of consumer’s behavior. As
has been reiterated again and again, the utility analysis is meaning-
ful only to the extent that it places hypothetical restrictions upon
these demand functions. This is the point of view from which we
shall proceed.

The Marshallian partial equilibrium demand functions for the
first good would be, of course,

X, = hl(Pl, ﬁz. Yy P-m I) = DI(PI)’ (21)

where all other prices and income are held constant by ceteris
paribus assumptions. A meaningful restriction upon our price-
quantity data would be the hypothesis that an increase in one
good’s price will, ceteris paribus, result in a decrease in its quan-
tity; i.e.,

Bx.-

ap: = ki < 0. (22)

Is this derivable from the utility analysis? Can anything be said
about 9x;/9p;,, the change in the quantity of one good when some
other price varies? What about dx,/d1, the rate of change in the
quantity of the sth good with respect to a change in income?
These arc the questions whose answers we must seek.

CoNDITIONS OF EQUILIBRIUM

It is not necessary that the demand curves be derived for each
of the preference fields defined by (1), (2), (4), and (10), respec-
tively. Fortunately, the last includes all previous formulations
as special cases. I start out from the general case of an ordinal
preference field, later considering the meanings of the special cases.

The utility analysis rests on the fundamental assumption that the
individual confromted with given prices and confined to a given total
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expenditure selects that combination of goods which is highest on his
preference scale. This does not require (a) that the individual
behave rationally in any other sense; (b) that he be deliberate and
self-conscious in his purchasing; (c) that there exist any infensive
magnitude which he feels or consults.

Our problem, therefore, is the comparatively simple one of
finding a maximum for i

U = F[‘p(xlv ) xﬂ)]' (10)‘
subject to
> pxi = 1, (19)
1
where (p1, - -+, P, I) are each preassigned parameters.

This is a constrained maximum problem, since equation (19),
familiarly termed the budget equation, must be satisfied. This
restricts the choice of quantities. Without such a restriction the
individual could presumably purchase an unlimited amount of
goods up to the point of satiation. But in point of fact, goods are
not all free; with a fixed income the more of one good which is
bought, the less must be consumed of another.

In the Appendix it is shown that we must have as a necessary
condition for such a constrained relative maximum:

Ui+kpl'=01 (izlv"'rn) (23)

where ) is a so-called Lagrangean undetermined multiplier. This
may also be rewritten in either of the two following equivalent
forms:

D=5 G=2-m (24)
or

U _ U, U _

= 5 A. (25)

This means that in equilibrium the ratio of the marginal utilities
of two goods is equal to the ratio of their prices, i.e., marginal
utilities are proportional to prices.

It is clear from the formulation of (24) that it does not matter
which utility index we use, for

Ui = Flo.. Z=1---,m) (26)
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Therefore,

0.~ Fo~ o @n

Our conditions of equilibrium vyield the same solution, therefore, re-
gardless of our choice of a particular utility index. It is as meaning-
less to argue that one particular utility index is really the true
measure of utility as it is to argue that the earth really revolves
about the sun and not vice versa. Only in terms of observations
other than those envisaged in our market place can a cardinal
utility magnitude be defined.

The formulation of (25) gives rise to the familiar interpretation
that in a maximum position the marginal utilities of the last dollars
spent for each and all commodities must be identical. This mag-
nitude (= — \) has been termed the marginal utility of money,
or better still, the marginal utility of income. It will be noted that
it is mot invariant under a change of the utility index, and so for
an ordinal field no significance attaches to its magnitude, nor to
the rates of changes of its magnitude with respect to any variables.

Employing the notation of indifference loci, the same conditions
may be derived. For from (13)

_ Ui(xlv Sty A'ﬂ)

'R = Ul(xl,--',xn)- (1=2,"',1l)

Therefore, the conditions of equilibrium of (24) may be written

‘R"(xl,---,x,,)—g-;=0. G=2 - n) (28)
This is the familiar tangency of the budget plane with the indiffer-
ence locus passing through the point of equilibrium. Figuratively,
the consumer moves along the budget plane until he attains the
position lying highest on his preference scale, which must in the
continuous case be a position of tangency; for if the budget plane
crossed the indifference locus, he could advance to a still higher
position.

We have stated our equations of equilibrium in several different,
but mathematically equivalent ways. The formulation of (23) is
one in which the symmetry of all variables is maintained, and so
for definiteness we may concentrate upon it. Our budget equation
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of (19) must also be satisfied, and so our full conditions of equi-
librium can be written

Ui’(xl; “'1xﬂ) +kpl=0! (i = 1) "'1”)
plxl+P3x2+ R +ann—I=O.

These conditions of equilibrium correspond to the set (1) of
the second chapter. We wish to derive from them our demand

functions, . g
xX; = hi(?lp “cy Dny I)r (3()?

which correspond to the equations (2) of the second chapter.
Prices and income are regarded as data for this analysis, and we:
should like to know how our equilibrium quantities vary with
changes in these parameters.

Our conditions of equilibrium are (# 4+ 1) in number, and in-
volve 2(n + 1) unknowns, namely (— N\, xy, * - -, %, P1, - -, P, I).
Avoiding now all problems of multiplicities of solution, we may
assume that (n 4+ 1) of our variables may be solved for in terms

(29)

of the remaining (# + 1). In particular (— \, x4, - - -, x,) may be
each solved for in terms of (pi, ' -, p», I). Hence, we get the
following functions:
xa‘=h'(pb y Pml)r (1= L, rn) (30)
and
(- )‘) =f(Plv "'vme)' (31)

Thitis, our demand functions can be derived from our conditions
of equilibrium. We have also introduced a new variable (— 1)),
the marginal utility of income, which could, of course, have been
eliminated, but only with a loss of symmetry. Had we employed
one of the other equivalent sets, such as (28), we should have had
n equations between (27 + 1) variables, and so our #» quantities
could have been expressed as before in terms of the (n + 1) prices
and income parameters.

DISPLACEMENT OF EQUILIBRIUM

We have counted our equations and unknowns, and found them
to be equal in number. Subject to certain restrictions, this assures
us that all our equilibrium variables are determined. There is a
temptation to stop at this point and rest content with these
achievements.
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In view of all that has been said in earlier chapters, it requires
no further argument to show that our task has hardly begun.
There remains the sizable problem of deducing the qualitative
properties of our demand functions from our knowledge of the
properties of our equilibrium maximizing equations.

To do so, we employ the same methods outlined in the second
and third chapters. Let us write the total differential of the equi-

librium equations (29)
Uidxy, + Updx: + -+ 4 U,dx, + pd\

=(_)‘)dpn (1'= lv"'v”)
pldxl “+ pzdxz 4+ -4 Pndxn

=dI - (xden + xdps + -+ + xndpn)v

or

T Uydx, + pd\ = (= Ndp,, (@E=1,---,n)
(32)

¥ pdx, = dI — 3 xidpe.
These are (n 4+ 1) linear equations in the (n + 1) unknowns
[dxi, - -+, dx., d(— N\)]. Their solution may be indicated as

follows:

2 (= NDydp,+ (@I — L xxdpe) Dusr s

dx,- ’
: i , (33)
- [Z (= ND, wpi@pi+@l — Z %k@Pi) Dni1.nt1]
1 1
d(=N) =
where
Uy U - U P
Uﬂ U22 cee U2n Pz
_Usl e L 34
b= p;i O ) . . . (34)
Unl Un? vt Unn pn
pr P2 - ta O

and D,; indicates the cofactor of the element of the sth row and the
Jjth column.
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The formulae in (33) give the changes in our unknowns for any
changes in the parameters, prices, and income. As special cases,
the following partial derivatives may be evaluated:

ax,- — (— )\)D,‘j - x,-D,.+1_,

a_—p‘ D ! (1:’ j = 1! STy n) (35)
a_x.i _ -Dn+l..7'
oI — D .=

where, of course,

ax; ) ax; ;
ap;=h‘]’ ﬁ=h"
Also,
3(—- )‘) S [(_ )‘)Dt.n+l - xiDu+l.n+l:|
ap: D ’ 36)
3(— )\) I Dn+1.n+1_ (
ol D

It is convenient to consider a compound term introduced first
by Slutsky, defined as follows:

axj 8‘ .
K- 4a® Giotm D
From (35) by substitution
D;; ..
Ki=(=N3. Gi=1-"n (38)
Also define
a(— \ a(— N 1 .
"'=[ (ap.-)*"‘* (aI )](—X)' G=1-m) (39)
or
- Di.n .
2 R R (40)

The expressions 9x;/dp,, dx,/dI, K;, are all properties of the
demand functions and are empirically determinable under ideal
conditions. We seek restrictions on them.

Inspection of the determinant D reveals that it is symmetrical
with respect to 7 and j, since

U, =1U,.
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Hence,
- A)D — N Dy
Kum NP0 CNDu_ gy
i.e.,
dx; dx; _ dx; ax;

3. T%31 =ap, T%r- Gi=1l--m (42

What is the economic interpretation of the compound term

o1,

ap;

It has been called by Slutsky the residual variability of the jth good
Jor a compensated change in the ith price.®

This can be made more clear by the following considerations.
Thus far, we have imagined the individual to be maximizing his
utility as of given prices and total expenditure. A little thought
will reveal that utility will be maximized as of a given expenditure
only if the level of utility which is being realized is being achieved
in the cheapest possible way; i.e., expenditure must be minimized
as of any level of utility. If this were not so, the same level could
be achieved with some money left over; this remnant could be
spent to buy more goods, and hence a still higher level of utility
could be attained.

Along any indifference locus there exists for any set of prices

an optimum set of purchases which minimizes total expenditure.
That is,

K = +x-%?

Xj = 'P"[Plv . '1Pm F(‘P)]' (j = 1: ) ”) (43)
For
U = F(¢) = constant,

we are confined to the same level of utility. It could be easily
shown ? that

= ( % = g7 i=1, .-
K""“(ap.-)u.m.—"" Gi=1--n (44

In words, K is equal to the change in the quantity of the jth
good with respect to the ith price, where the individual moves
S E. Slutsky, “Sulla teoria del bilancio del consumatore,” Giornale deghi economsists,

LI (1915), 19-23.
*See chap. iv, pp. 62-65.
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along the same indifferencc locus and keeps his expenditure down
to a minimum before and after the change in price.!

From the formulation of our equilibrium equations in (29) we
have seen that the properties of the demand functions are not
affected by our choice of utility index. This may be shown ex-
plicitly from the identities

U = F(o), (4%

Ui = Fo, 46)
Uii = Floij + F'oio;, (475-.
(=N = F'(=X\), (48)

where (— A’) is the marginal utility of incomc for the utility
index ¢. Let

= [eul ”‘!- 49
P =lp 0 @9

From (47)

D = | Yl P-'I___'F'lpu+1“"«pew_| Pil___ Flol Po‘!
pi 0 bi 0 2 0
= (FyD. (50)
Similarly, the following relationship holds for all cofactors.
D"J = (F')”-zp’i)" (1nj = 10 "'rn) (51)
Hence,

(=NDy; _ (= N)D'y;
D - DI 1]
so that K;; is an invariant under any transformation of utility
index. Literally nothing is implied for empirical price behavior by
the choice of any particular utility index.

Inspection of our equilibrium conditions in the form of (24)
and (19) reveals that they are unaffected by a proportional change
in all prices and income; our equilibrium values remain intact for
such a change; i.e.,

xl*h‘(?’-' "‘-Pn-I)=hi(mpl- "‘.ummI)» (izl' "'!n) (53)
where m is any positive number. Mathematically, our demand

¥For another interpretation, see H. Schultz, The Theory and Measurement of
Demand (Chicago: University of Chicagn Press, 1938), pp. 4345,

(52)
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functions must be homogeneous of order zero. Employing Euler's
theorem for homogeneous functions, we have 1
0x; 0x; ox; ox;

it ottt t G I=0 (=1 m) (54)

Dividing through by x, yields the following relationships in terms
of elasticity coefficients:

na+n2+ o + 0+ a0 =0, (t=1,---,m) (59)
where
_9%ip;
M5 7 3p; %

is the elasticity of the sth good with respect to the price of the
jth good, and
_ ax,- I
N = al x;

is the income elasticity of demand of the 7th good. Intuitively,
we should expect this equality, since an upward movement in all
prices is equivalent to a decrease in money income.

Thus far our analysis has not been completely devoid of mean-
ing. The following empirical restrictions have been found to hold
for the demand functions.

I. They are homogeneous of order zero; i.e., a simultaneous
doubling of all prices and income leaves all quantities demanded
invariant. This implies as we have seen

Bx.- ax. 8_35._ ____aﬁ .
5;;?14-6—1;;?2'*‘ +apnpn" ol Ir (Z——l, vn) (56)

or in elasticity terms
na+ e+ o F 0= — M, E=1,---,n) (87)

i.e., the sum of the elasticities of a good with respect to each and
every price is equal in absolute value, but opposite in sign, to the

1 This may also be proved by substitution from (35).

L] "

ax; ax, ( ax, ax.-) -
. aWx',+m,1-; ap THar )P =N
by a well-known theorem on determinants that the expansion of the elements of one
column with respect to the cofactors of a different column must vanish.

D——;" -0
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income elasticity of demand for that good. These are » restric-
tions which are not compatible with any and all price-quantity
behavior, and so are meaningful.!?

Because of this homogeneity condition, it is not necessary to
take as independent variables the n prices and income. These
(n 4+ 1) variables may be reduced to 7 variables by considering the
ratios between any # and the remaining variable. j

Thus, we may divide through by any price, say the price of
the first good, to get (\

1

= Bi(py, - - (12 ...P_"_I_) “
X; k(ply ;Pm I) h ( Pl’ ’PI'PI ’

pr ps  pn I =1 ...
g(pl o by pl)' @=1--m (59

This is equivalent to setting the price of the first good equal to
unity, and using it as our numeraire.

However, a more symmetrical measure suggests itself. Divid-
ing through by 7, we get

2 From our definition of income or total expenditure as
I= }-: bix;
1
we have the following (n + 1) restrictions on elasticities of demand
f: ki = 1
1

and

Z ko, = — &,
1

where

I

is the proportion of income spent on the ith good. However, these are not meaningful
restrictions, since they are consequences of our definition. At best, they could but
reveal that we have not applied our defined operations with numerical accuracy.

ki =
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Let

Hence,
x, = Hi(ay, + -+, an). (60)

*The «’s here are very natural units to employ, since they involve
only the dimensions of the respective quantities. In words, a; may
be defined as the proportion of total income required to purchase
a single unit of the jth good.

II. We have also the f{ollowing reciprocal ‘‘integrability’’ con-
ditions.

9x; ax,- 6x, ax,— .- .
K; =5P—;+x;ﬁ=5p—j+x,§f=1{u: (6j=1---,m) (61)

i.e., the residual variability of the jth good for a compensated
change in the ¢th price is identically equal to the corresponding
term for the 7th good with respect to the jth price. These are
n(n — 1)/2 independent meaningful conditions.!?

MEANINGFUL THEOREMS

Thus far almost nothing has been said about the dzrections of
change in our equilibrium quantities of goods demanded with re-
spect to changes in prices and income. Does the utility analysis
have nothing to say upon this question? The answer can be sought
along lines indicated in previous chapters.

Before clouding the air with determinants, let us make a
common sense appraisal of the situation to see whether we cannot
suggest a simple answer.

First, suppose the individual to be constrained to move along
the same indifference locus. Let him be confronted with a set of
prices, and attempt to attain this level of ““utility’’ in the cheapest

1 They hold, of course, only for the individual demand functions. Moreover, they
reflect differential properties of our demand functions which are hard to visualize and
hard to refute. For our empirieal data consists of isolated points. These must be
smoothed in some sense before our relations can be tested; the smoothing, even by the
best known statistical methods, is to a degree arbitrary, and so refutation and verification
are difficult. . .

I have tried, but thus far with no success, to deduce implications of our integrability

conditions which can be expressed in finite form, i.e., be conceivably refutable merely
by a finite number of point observations.



108 FOUNDATIONS OF ECONOMIC ANALVYSIS
possible way. Consider the set of prices (% - -, pa%. There

will correspond to this an optimal set of quantities (x,°, - - -, x,?),
such that total expenditure is as low as possible, i.e.,
T 0% = L, (62)
1 1
where (X) is any other point on the locus
Fle(X)] = Fle(X%)]. (63)
Consider now a second set of prices, (¢!, - - -, pa!), and the\
corresponding optimal set of goods, (x{!, :--, x,!), lying on the"
same indifference locus as the first. Then
T pie = T pal. (64)

In equations (62) and (64) any values of x (along the same locus)
may be inserted in the respective left-hand sides. In particular,
we may write them respectively

T p0x! = ¥ p, (65)
and

T pix0 = T opixl. (66)

This means that the optimal set of goods for each respective set of
prices cannot cost more than the other set of goods (optimal for a
different set of prices).

" Rewriting the equations, we get

T pO(x,0 — x1) =0, (67)
1
g" pixd — x.9) = 0. (68)

Add these two equations to get .
T (pd - pO(wd — 28 =0. (69)

If the two equilibrium points are assumed to be always distinct,
and if a proper absolute,minimum is assumed to be always realized,
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then the equality sign may be dropped, and this may be rewritten

%w—mw—w<m (70)

This may also be written
> Apdx; < 0,  not all Ap; = 0. (71)
1

Suppose we allow but one price to change, say the kth; then
all but one term of (71) vanishes and we have

AxApr < 0; k=1,---,m) (72)

i.e., as the kth price increases, all other prices being held constant, less
will be bought of the kth good. It must be emphasized that this
holds only for a movement along the same indifference locus, i.e.,
for a compensated change in price, and does not mean that with a
given money income a change in one price will necessarily result in a
decreased amount taken of the corresponding commodity. It will
be noted that the above proof does not involve the calculus at all;
using only the operations of addition and subtraction, the definition
of a maximum position may be utilized to derive meaningful finite
demand restrictions.

Employing only the most elementary logical and arithmetical
operations, we can advance matters still further. Consider any

initial set of prices and income (,°, - - -, % I°). Corresponding
to this there will exist one or more optimal sets of goods. Select
one of these and designate it by (x,° -- -, x.°). Consider now a
second set of prices and income (g4}, - -+, pa!, I'), and a correspond-

ing optimal set of goods (x,!, - - -, xa!).
Let us consider what would have been the cost of the second
batch of goods at the prices of the first. This will be

1%, + P! + -+ Pu'%,! = ; P31 (73)

If this cost is equal to or less than the amount of money that the
first batch actually cost, we have conclusive evidence that the
second batch is not higher on the individual's preference scale than
the first batch; for if it were, the individual could not have been
in equilibrium in the first place, since he would not be minimizing
total expenditure for the attained level of satisfaction. In other
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words, if he could have bought the second batch, and he bought
the first, we rule out the possibility that he prefers the second to
the first.

Our theorem is

;\ljp,-ox,-l = ; p:%.° implies F[o(X1)] = F[o(X9].  (74)
More specifically, i

é poxt < >1: p:0%. implies FLo(X1)] < F[o(X9)]. (75\\
Similarly,

T pix® < ¥ pix.! would imply FLe(X%] < Fle(XY)] (76)

It is obvious that

T 50l < T poed, (1)
and l l
? pitx® < Zl: pilx,} (78)
cannot both hold simultaneously, for this would imply
Flo(X")] < FLe(X")], (79)
and FLo(X)] > FLo(X%)], (80)

which is a contradiction.

This gives us a condition which holds for any movements, not
merely for compensated ones.

Equations (77) and (78) may be written

T p0(xd — x9) < 0 implies ¥ pd(xd — 2% < 0,  (81)
1 1
or
3 pix; < 0 implies 3 (p: + Ap:)Ax; < O. (82)

If we assume that our demand functions are single-valued, and
agree to consider only distinct points, this may be broadened to
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the following form:

nt'Aié‘l.”i )Ax; < 0.
‘L:‘,p x Olmpxeszl"(p +Ap)Axw/’O- W

The importance of this result can hardly be overemphasized.
In this simple formula are contained almost all the meaningful
empirical implications of the whole pure theory of consumer’s
choice. Moreover, these are expressed in the form which is most
suitable for empirical verification. So fundamental is this condi-
tion that (as I have shown elsewhere) it provides a foundation for
the theory of economic index numbers and the utility analysis, and
affords the most convenient path for the derivation of all known
restrictions upon the individual and general demand functions.!*

From this condition alone can be derived the following restric-
tions upon the demand functions:

(a) They must be single-valued; i.e., to each set of prices and
income there corresponds a unique set of goods.

(b) They must be homogeneous of order zero; i.e., a change in
all prices and income in the same proportion must leave all quan-
tities unchanged. All the properties of condition I of the previous
section must therefore hold.

(c) All known valid qualitative restrictions upon the slopes of
the demand functions. These will be indicated below.

Elsewhere !* I have suggested as new foundations for the pure
theory of consumer’s behavior the conditions (a) and (b) and
equations (83). At that time I did not realize that (a) and (b)
were redundant in the sense that they themselves could be deduced
as theorems from the assumption of (83) alone. In other words,
this single condition provides us with complete foundations for the

_theory (with the reservation concerning integrability). =~~~

The proof of (a) and (b) as theorems can be indicated simul-

taneously. Consider an initial price and income situation (p,° - - -,
»% I%. Corresponding there is a set of goods (x,° - -, x.%.
Suppose now all prices and income to be multiplied by the same

14 The only point upon which this formulation does not throw light is that of in-
tegrability. Even here, a proof may still be forthcoming by which this condition may
be slightly generalized to include the question of integrability.

15 %A Note on the Pure Theory of Consumer’s Behavior,” Economice, February,
1938, pp. 61-71.
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But along an indifference locus, from (43)
Xy = ¢'[Ph Tty pm F(¢)]v (i = 1; Tty ”) (99)

where ¢* is homogeneous of order zero in the p’s. Also

dx, = Z lﬁj"dp.f- (1, = 1, ceey n) (100)
1 '
|
Therefore, \
L T ¢;dpdp; = 0. (101)
1 1

But, of course, for a movement along an indifference locus, i.e.,
for a compensated price change,

ax; . P — B
3, = V' = K. (102)

Therefore, (101) may be written

n

Y 3 Kiydpdp, = 0. (103)
1 1

Finally, in the Mathematical Appendix the following algebraic
theorem is stated: Let

1= 3] =t Gi=1um  (on

be the first » by #» matrix of the inverse matrix of [D]. Then

IIA

Y Y Ahh, =0 : (105)
1 1

because [D] is the matrix of a negative definite form under con-
straint. Now from (38)

K = (= M4, (106)

Since (— A) > 0, our theorem again follows. This is a direct
algebraic proof of our theorem.
The meaning of the requirement that the form in (96) be nega-
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tive semi-definite may be briefly indicated.’® Let

Kll K12 D Klﬂ
Ky Kz -+ K,
K =|Kyj|=]| ' (187)

Knl Kn2 st Kym

Then because of the semi-definiteness
|K|=0and ¥ ¥ Kip.p, = 0. (108)

However, the principal minors beginning with the first alternate in
sign from negative to positive, i.e.,

- K, K, K
|Kn|< 0; ﬁu ﬁl > 0; Ky Ky K < 0,etc. (109)
n 2 IK:n K, Kaal

Thus, the following demand restrictions are implied.

ax.- 8x,~
ap: T aT

9x: (9%, (0% %) _ (i’f: ‘3_"1)"
(ap.- +x aI)(ap,- T %97 ap, T%iar) >0
(4,7=1,---,m), (@ #j)etc. (111)

Condition (110) was first developed by W. E. Johnson and
Eugen Slutsky, presumably independently. We see that it is not
possible to deduce that

<0, Z=1--m) (110)

.
0P
the ordinary expression for the ‘“law of demand.” For if dx;/dI

be sufficiently negative, dx;/dp; can be algebraically positive. This
is the phenomenon alluded to in the well-known Giffen’s Paradox.!

<0, (112)

18 If integrability is not assumed and K,; # Kj;, the exposition may be easily
modified by the substitution throughout of the term (Ki; + K;i)/2.

17 It is only by making additional, and demonstrably arbitrary, assumptions that
various writers have been able to derive the so-called law of diminishing demand.
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The assumption that the form in (96) be symmetrical and nega-
tive semi-definite completely exhausts the empirical implications
of the utility analysis. All other demand restrictions can be de-
rived as theorems from this single assumption. These are bold
statements, but they are substantiated by the fact that it is possible
to work backwards from the assumption of (96) to an integrable
preference field displaying the properties necessary fora maximunj.‘D

CONCLUSION \
We have come a long way in this chapter. Despite its loft"y

beginnings, the pure theory of consumer’s behavior, when its em-
pirical meaning is finally distilled from it, turns out to be one simple
hypothesis on price and quantity behavior. This may be written

T (pi + 8p)Ax: < 0,

1
for

p> pidx: =0, not all Ax; = 0,

subject to the qualifications indicated above. Alternatively, we
may write this as

*oAfox; ax;
—1 — d =
£ 5 (& + 557 dpap, =0,
12 Only a sketch of the proof of this statement need be given. Write
xa=H‘(a1.-'-.a.). =1 ---,n)
ax. 9, ax.
Ky = —; da, - x‘ , O a‘,)
Define a new set of variables
3-']‘("!."'.411). ak’Ft(ﬁh"'.an)
such that
% = H[F (B, -+, Bn)y -y F*(By, -+ -, Bu)] = G*(Br, -+ , Bu),
and
ax, . X ) ax.
5; Gi= K, = K;ji Gy -ﬁ_ﬂi
Then there exists a function
¢ = '/’(ﬂh Yy ﬁn)o
= V(xh v -,x.),

which satisfies the properties of our preference field.
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where the equality sign holds only for all prices changing in the
same proportion.

Many writers have held the utility analysis to be an integral
and important part of economic theory. Some have even sought
to employ its applicability as a test criterion by which economics
might be separated from the other social sciences. Nevertheless,
[ wonder how much economic theory would be changed if either
of the two conditions above were found to be empirically untrue.
I suspect, very little.

A NOTE oN THE DEMAND FOR MONEY

One special problem in the theory of value has been touched
upon at various places in the previous discussions, namely, the
valuc of money itself. Probably more has been written upon this
subject than upon any other in cconomics, and most of the issues
raised are not germane to the present investigation. However, it
is a fair question as to the relationship between the demand for
money and the ordinal preference fields met in utility theory. In
this connection, I have reference to none of the tenuous concepts
of money, as a numeraire commodity, or as a composite commodity,
but to money proper, the distinguishing features of which are its
indirect uscfulness, not for its own sake but for what it can buy,
its conventional acceptability, its not being ‘“‘used up” by use,
etc., etc.

The most interesting problems arising in connection with money
are linked up with the fact of “‘uncertainty’ in the most general
sense, leading into liquidity considerations which cannot be dis-
cussed here. However, it should be possible to indicate in a few
pages the way out of certain false dilemmas connected with the
demand for money for so-called transactions purposes.'®

On the one hand, there are writers like Mises who would explain
the value of money in marginal utility terms such as might be
applicable to any commodity; on the other hand, to economists
like Schumpeter the peculiarity of money lies in its essential lack of
direct usefulness and in the fact that its value is not capable of
explanation in the usual utility terms. On the whole the latter

1 For a summary of the extensive Continental speculations on these matters see
Howard S. Ellis, German Monetary Theory, 1905-1933 (Cambridge, Mass., 1934), Part 1.
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view is the least misleading, but, as Walras showed many years
ago, it is possible to modify utility analysis so as to take account
of the peculiar properties of money. The latter, who above all
others developed the notion of general equilibrium in which all
magnitudes are simultaneously determined by efficacious inter-
dependent relations, was able to remain undisturbed by the fears
of literary writers that there was something viciously circular {in
assuming the existence of prices and of a “‘valuc for money’’ in tti
midst of the process by which that value was to be determine
Today after the recent contributions of Keynes, it is partncularlw
rewarding to go back to reéxamine the elaborate discussion of
liquidity preference, encaisse desirée, etc., in Walras. The latter
was so sophisticated as to have outgrown the quantity equation in
later editions of his work, although he continued to believe in what
is today called the ‘“‘quantity theory’’; very rightly, in my opinion,
he in effect reversed the commonly met dictum that ‘‘the quantity
theory should be scrapped, but the quantity equation is useful.”
Here I shall only consider the demand for the holding of money
by the consumer. As before, ordinal utility or preference depends
upon all commodities, but the (z + 1)th good, M, will be taken to
be money, which yields benefit only in its ultimately being given
up. Possession of an average amount of it yields convenience in
permitting the consumer to take advantage of offers of sale, in
facilitating exchanges, in bridging the gap between receipt of in-
come and expenditure, etc. The average balance is both used and
at the same time not used; it revolves but is not depleted; its just
being there to meet contingencies is valuable even if the con-
tingencies do not materialize, ex post. Possession of this balance
then yields a real service, which can be compared with the direct
utilities from the consumption of sugar, tobacco, etc., in the sense
that there is some margin at which the individual would be in-
different between having more tobacco and less of a cash balance,
with all of the inconvenience which the latter condition implies.
But there is this difference. Given physical amounts of to-
bacco, food, ballet, etc. have significance in terms of the want
pattern of the consumer, but it is not possible to attach similar
significance to a given number of physical units of money, say to
a number of ounces of gold. It would be otherwise in the case of
gold which was to be used to fill teeth, but such uses of money in
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the industrial arts we purposely neglect. The amount of money
which is needed depends upon the work that is to be done, which
in turn depends upon the prices of all goods in terms of gold.

The above remarks are by now so well known as to appear trite
and trivial. But let us translate them into mathematics. Our
ordinal utility is now a function, not alone of the physical quan-
tities of goods, but it has within it prices as well. This is a serious,
significant alteration, for, as we shall see, the empirical properties
of the demand functions are changed by this innovation. This is
not the only case in which economists have found it necessary to
introduce prices into the indifference loci; there is also the example
of goods which have snob appeal, or scarcity appeal, which are
valued for their exclusiveness so that preference for them is altered
by changes in their relative prices. This Veblenesque effect need
not detain us here.

Our utility function will be of the form

U(xl, oy, Xy A[Pﬂlr Ph Tty Pn)
U(xy, =+ *y Xny MAPm, NP1, =+, ADs)

P‘( . P A_ﬁ[ . &{)
Ay, y Any Pl' ,Pﬂ. ’

i

(113)

where the function is homogeneous of order zero in all of the prices,
so that a doubling of all prices (including the price of gold) at the
same time that quantities arec unchanged will leave ordinal utility
unchanged. This stems from the hypothesis, which need not be
true in the short run or under particular expectations, that money
is evaluated only in terms of the work which it has to do. It will
be noted that I have not set the price of money equal to one.
Actually, we shall avoid confusion in thought if we refrain from
doing so. Any other commodity may be used as numeraire, or we
may express prices in any units we like. Of course, it will still be
possible to speak of the gold price of things, and after we have
learned to do without the use of the money commodity gold as
numeraire, we can then fall back upon the simple convention of
expressing prices in terms of it. Of course no reader will think
that I attach any particular importance to gold or any other metal;
any conventional unit which serves as money will do.
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Walras was careful to point out another important distinction:
consumption of goods is a flow per unit time, so much tobacco per
year, etc., but the gold balance is an inventory or stock. We may
speak of its price in two senses, the price of gold compared to the
prices of other things, as one ounce of gold is worth two beaver
skins, while a pound of tobacco is worth three beaver skins, or an
ounce of gold is worth two ‘‘anythings,”” while a pound of tobadco
is worth three “‘anythings.” In our notation this is p,. But Wwe
may also speak of the price of the use of gold per unit time. In'a
capital market where people can both borrow and lend at a given
rate of interest, this price is necessarily related to the rate of in-
terest. This is true even if the individual in question does not
have to stay in debt for the amount of his cash balance; in any case
there is the opportunity cost of holding money in the sense of the
interest he might have earned by lending this sum.

If we wish to exclude dynamical considerations from our dis-
cussion as much as possible, the simplest assumption would seem
to be that the individual maximizes the above expression subject
to the following budget equation,

Y px, + rpaM = I (114)

where prices, income, and interest, 7, are given to the individual.
Thus, the amounts paid out (or foregone) in every period for the
use of money are treated as subtractions from income available for
expenditure upon consumer’s goods. The conditions of equi-
librium are exactly as in chapter v, equation (29), except that the
marginal utilities of the goods are affected by the level of prices
directly, and we now have an additional unknown, M, to be de-
termined. But we also have an additional equation,

aU
oM + Npmr 0. (115)

Thus, the use of money is bought up to the point where its marginal
utility (convenience) is proportional to its cost, or the interest
charges which must be paid for its use. The secondary inequalities
are exactly as in the usual case, i.c., the principal minors of the
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bordered Hessian must oscillate in sign, with money treated as an
(n + 1)th good.

From the conditions of equilibrium our demand curves are as
follows, :

xi=h‘(P1,'-',Pm1)m, I,7), (i=1---,n)
M= M(Pll "‘:Pum, I, r). (116)

These equations are homogeneous of order zero in all prices and
income just as in the usual case of demand. With the interest
rate unchanged, doubling all prices (including the price of gold)
and income will leave all quantities unchanged. However, if we
double all prices and income in terms of the price of gold, then
with r unchanged, the demand for physical quantities of money
will be exactly doubled. Mathematically M is a homogeneous
function of order one in terms of all other prices and income. This
is the peculiar feature of money. Another way of saying the same
thing is the assertion that the demand for money in terms of its
own price, all other prices held constant, is necessarily of unitary
elasticity. This is a familiar proposition in the history of the
quantity theory. The reader will note that this is a meaningful,
refutable hypothesis which is capable of being tested under ideal
observational conditions.?®

The further qualitative properties of the demand schedules can
be determined by differentiation of our equilibrium equations.
However, they will not be so simple as those in the usual demand
case, because in varying any onc price, we shift every equilibrium
equation through the direct influence of each price on marginal
utilities.  Still, income elasticities behave more or less the same as
before; also the demand for money in terms of the interest rate
behaves just like the demand for any good in terms of its own price
under the usual utility assumptions. Thus, if intcrest is raised,
and at the same time income is increased so as to leave the indi-
vidual equally well off, then the amount of money demanded must
fall. If money is not an inferior good, and we should expect it not
to be, then an increase in intcrest will lower the amount of money
demanded even for an uncompensated change.

3 Jacob Marschak, “Money Hlusion and Demand Analysis,” Review of Economic
Statistics, February, 1943, pp. 40-48.
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The complete results of such differentiations are given below
in partitioned matrix form.*

hit -k e by

]l[J - Mp,,. - M- M,

1r . . . 1
AU - U, Y /A
Ui anr - b a—p"'-!-)\&,f. T S0 0
AU, . U . FU . PU S (117)
oM -oM2- P | @arap, antap, TN U L MPw
0 X, . rM - =1-paM

We may leave as an exercise to the interested reader to verify
this and to work out the interesting and special case where the
ordinal preference field takes the simple form U(x,, - - -, xn, pnM/I).

QUALIFICATIONS INTRODUCED BY UNCERTAINTY

The above analysis of the demand for money confines itself to
the so-called transaction aspects. The really interesting problems
arise when uncertainty as well as transaction friction is admitted
into the picture. Some of the best lines ever written in this con-
nection are those to be found in Keynes's General Theory and in
Hicks’s Value and Capital. Space can be devoted to only one com-
ment here. In the past the structure of interest rates and assets
has been subject to only perfunctory notice so that the recent
analysis in terms of liquidity preference is of the greatest im-
portance. But it would be a mistake, which would be as damaging
to further analysis of liquidity preference as it would be to classical
doctrines, if it were thought that uncertainty and liquidity djffer-
entials are the sine qua non for the existence of a rate of interest.

3 Reference may be made here to the valuable contribution of C. E. V. Leser, “The
Consumer's Demand for Money," Econometrica, vol. XI, no. 2 (April, 1943), pp. 123-140.
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Such a view can be compared with a theory of land rent based upon
differences in the quality of different kinds of land. I believe that
the analogy is not a superficial one.

Specifically I think it would be misleading to say that interest
is simply the price of money; it would be quite possible to have an
cconomy in which money did not exist, and in which there still was
a substantial rate of interest.? Nor can 1 agree with all of the
formulations of Hicks'’s brilliant chapter xiii on Interest and Money,
such as ‘. . . it must be the trouble of making transactions which
cxplains the short rate of interest” (p. 165);” . . . if bills are
are perfectly safe, [there would be] no reason for the bills to fall to a
discount” (p. 165); ““Securities which are not generally acceptable
in payment of debts bear some interest because they are imper-
fectly ‘money’ "' (p. 167).

It is true that in a world involving no transaction friction and
no uncertainty, there would be no reason for a spread between the
yield on any two assets, and hence there would be no difference in
the yield on money and on securities. Hicks concludes, therefore,
that securities will not bear interest but will accommodate them-
selves to the yield on money. It is equally possible and more
illuminating to suppose that under these conditions money adjusts
itself to the yield of securities. In fact, in such a world securities
themselves would circulate as money and be acceptable in trans-
actions; demand bank deposits would bear interest, just as they
often did in this country in the period of the twenties.?® And if
money could not make the adjustment, as in the case of metal
counters which Aristotle tells us are barren, it would pass out of
use, wither away and die, become a free good.

In the preface to the reissue of Risk, Uncertainty and Profit **
Frank Knight makes the penetrating observation that under the
conditions envisaged above the velocity of circulation would be-
come infinite and so would the price level. This is perhaps an

2 Elsewhere 1 have developed this notion briefly under the title “The Rate of
Interest under Ideal Conditions,” Quarterly Journal of Ecomomics, L1II (February,
1939), 286-297.

¥ In a world without uncertainty where money has the same yield as other assets,
fts velocity becomes indeterminate. Note that this is the case when the interest rate
is zero.

24 Risk, Uncertainty and Profit (London School of Economics and Political Science:
Series of Reprints of Scarce Tracts, no. 16, 1933), p. xxii.
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over-dramatic way of saying that nobody would hold money, and
it would become a free good to go into the category of shells and
other things which once served as money. We should expect too
that it would not only pass out of circulation, but it would cease to
be used as a conventional numeraire in terms of which prices are
expressed. Interest bearing money would emerge.

Of course, the above does not happen in real life, precnsely be-
cause uncertainty, contingency needs, non-synchronization \of
revenues and outlay, transaction frictions, etc., etc., all are with us.
But the abstract special case analyzed above should warn us against
the facile assumption that the average levels of the structure of
interest rates are determined solely or primarily by these differ-
ential factors. At times they are primary, and at other times, such
as the twenties in this country, they may not be.  As a generaliza-
tion I should hazard the hypothesis that they are likely to be of
great importance in an economy in which there is a “‘quasi-zero”
rate of interest. I think by this hypothesis one can explain many
of the anomalies of the United States money market in the thirties.

A further defect of the reasoning that I have been criticizing lies
in the tendency to regard as universal the hypothesis that interest
yield is inversely correlated with an asset’s nearness to money so
that normally long rates are above short rates. This is not in
accord with much of economic history for reasons which I do not
think are difficult to elucidate.®



CHAPTER VI

TRANSFORMATIONS, COMPOSITE COMMODITIES,
AND RATIONING

1.OGARITHMIC TRANSFORMATIONS AND ELASTICITIES

THROUGH THE INFLUENCE of Alfred Marshall economists have de-
veloped a fondness for certain dimensionless expressions called
elasticity cocfficients. On the whole, it appears that their impor-
tance is not very great except possibly as mental exercises for be-
ginning students.! As we have seen, most of the “laws of eco-
nomics’’ are qualitative and ordinal rather than quantitative, and
where such are concerned the problem of dimensions is of no
consequence.

Furthermore, while elasticity expressions are invariant under
changes of scale, they are not invariant under changes of origin.
Since there are no natural zeros from which we measure economic
magnitudes, the elasticity expressions can be seen to be essentially
arbitrary. Thus we meet in economic analysis such concepts as
exports, net purchases, amount of factors supplied, etc., all of
which are differences measured from arbitrary bases.?

Mathematically an elasticity expression between two magni-
tudes, such as price and quantity, consists simply of the logarithm
of one of these quantities differentiated with respect to the log-
arithm of the other. Thus,

1z, = (dx/dp)(p/x) = dlog x/d log p = Ex/Ep.?

! There is perhaps some usefulness of the concept of elasticity of demand as giving
an indication of the qualitative behavior of total revenue, but even this is only the
consequence of neglecting to deal with total revenue directly.

2 This was realized, somewhat inadequately, by Wicksteed who denied the validity
of the concept of supply, preferring to use the notion of ‘“‘reserve demand”; only he
went to the opposite extreme in attaching sacredness to his reformulation.

3 A calculus of operations with elasticity terms can be devised on the basis of the
properties of logarithmic derivatives. See R. G. D. Allen, Mathematical Analysis for
Economists (London, 1937), chap. x, particularly the reference there to the work of
D. G. Champernowne.

123
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Not only are elasticity expressions more or less useless, but in
more complicated systems they become an actual nuisance,* con-
verting symmetrical expressions into asymmetrical ones, and hiding
the definiteness of quadratic forms. This could be illustrated by
utility analysis, but can be amply demonstrated by the slightly
simpler case of profit maximization, where constraints do not enter
the picture. Let us consider a firm buying inputs (v,, - -+, v,) in
perfectly competitive markets at given prices (w, - - -, w,). With
the demand curve for its product and its production function being
known, total revenue becomes a determinate function of the inp\ilxts
bought. Total expenditure being defined as the sum of the
amounts paid to all the factors of production, it is clear that th(,
firm’s profit can be written in the form

= R(vlo trty vn) -2 w,v,. (1)
1
For profits to be at a regular maximum, we must have
R.(vy, -, v,) —w, =0, =1 -, n)
[R:;] negative definite. (2)

Suppose we are interested in the inverse demand functions
giving the amount of cach factor of production which will be bought
at each set of prices. By explicit differentiation of our equilibrium
conditions above, we find

[2] = o1 3)

Since the inverse of a symmetrical negative definite matrix is itself

4 Actually it is a little misleading to say that an elasticity expression is necessarily
“without dimension."” For take any absolute derivative, such as dx/dp, which is cer-
tainly not dimensionless, involving as it does the dimensions [output times output divided

by value]. Even though it has dimensions, it is still the elasticity of some expression.
Thus if

x = f(p),
and
y = s(g),
where
y = e‘. q - el’.
then
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symmetrical and negative definite, the complete conditions on the
demand functions are summarized in the above expression.

If one were interested in the corresponding elasticity coefficients
[Ev./Ew,], one could as an afterthought introduce suitable factors
into the matrix of equation (3). This usual procedure has been
termed by Professor Lange the ‘‘indirect” method.® He suggests
an alternative “direct” method. 1 should like to point out a third
method, which carries out the Lange procedure to its logical con-
clusion. Before doing so, however, I should like to express the
opinion that in this matter “indirectness’ is a virtue rather than
a drawback.

It will simplify the discussion if we adopt a mnemonic notation
whercby the Jacobian of one set of variables with respect to another
is written in a form reminiscent of that for a single dcrivative; i.e.,

e ey = | 2] Y
J(yh"'yynnxlv ;-x'n) —[axj]—dx' (4)
The reader may then verify the identities
dzdy _ dz
dydx — dx’

S

o [ (5)
dy | dx

which parallel exactly those for single derivatives.

In terms of this notation the Jacobians of the transformations

V. =loguo, v, = e

]1f‘ = log w,, w; = (’Wt (1’ = 1) ) n) (6)

can be written as

av 8., dv
A =[——], gy = [vidi]

v,

dW 61)‘ __@ . .
R o O RS

w;

)

where §,; is the Kronecker delta, equal to one for like subscripts
and vanishing for all others.

® Oscar Lange, ‘“Theoretical Derivation of Elasticities of Demand and Supply: The
Direct Method,” Econometrica, X (1942), 193-214,
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Then it follows that
dV  dVdv dw 8ij
W = @ iy = | o | R ®
This is the so-called indirect method. The Lange direct method
involves computing the same matrix by the following equality

av. _ [dWT] _ [uR, T
=] -] ®)

There secms to be no special advantage in this procedure;'on
the other hand, there is the great disadvantage of loss of symmetyry
prior to tnversion, and a cloaking of the definiteness properties pf
R and its inverse. Of course, what is covered up can later be
unscrambled, but a good deal of waste motion would seem to be
involved.

However, if we wish to carry the direct method to its final con-
clusion, it would seem logical to replace the v's and w’'s in the
original profit expression by their equivalences in terms of the
variables V and W. W:ith the latter being given, the firm would
vary the V’s so as to maximize profits. The conditions of equi-
librium would be

Si(Vy, -+, Vo) — eve%s =0, z=1,---,n) (10)
and
[S.'j -_ 1),‘10,-5.,'] =H
negative definite. In the above expressions it is to be understood

that
S(Vl, LI V”) = R(evl’ . ., evn)' (11)
and that subscripts stand as usual for differentiation.
If we differentiate our equilibrium conditions, we easily derive

the identity

av ;
CW_V = H_IEU,‘LUjG,j], (12)

where H! is symmetrical and negative definite. Thus, except for
column factors the elasticity matrix is symmetrical. By dividing
through with these factors, and defining K; = vav;/ Y vw;, we
easily arrive at the familiar identity ¢

Kmij = Kmji (13)
$ H. Schultz, Theory and Measurement of Demand (Chicago, 1938), chap. xix.
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Also we may verify the relations

Y < 0, |nii 7li1| 0’ .
K Mi M5 > ete (14)
Relations (13) and (14) are also immediately derivable from the
indirect method, but not easily from the Lange method.

If one must use ‘‘dimensionless’’ expressions, it would scem de-

sirable to replace the usual elasticity expression by the more sym-
metrical coefficient

Mu = Qv' \l@iwj (15)

The reader can easily verify that symmetry and definiteness are
preserved in all matrices, that these coefficients are pure numbers,
which in the case of diagonal elements reduce to the old definition
of elasticity.

[ should like to conclude this discussion of elasticity expressions
with a warning that the transformations break down when any of
the variables are zero or change sign. In earlier sections it has
been shown that productive services or inputs can be regarded
simply as negative outputs. These can be converted into log-
arithms only after a reversal of sign. This would offer no problems
were it not for the fact that many of the magnitudes are neither
always positive nor always negative. As an illustration of the
difficulties which may arise, consider the classical case where the
total of all expenditure is taken as zero. Here the partial deriva-
tives of the various goods with respect to hypothetical income

changes have a definite meaning, whereas their elasticities cannot
be defined.

GENERAL TRANSFORMATION OF INDEPENDENT VARIABLES

The logarithmic transformation discussed in the previous sec-
tion is but one special case of the transformation of our inde-
pendent variables. It is desirable to examine the behavior of our
equilibrium conditions under general transformation of our inde-
pendent variables because in economics as in other disciplines we
wish to free ourselves from any particular scheme of reference, or
coordinate space, in favor of generalized codrdinates. This desire
is not only aesthetic but is necessitated by the fact that in real life
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we do not always meet naturally defined commodities. In business
cycle theory we often use the concept of “‘the cost of living,” taken
to be the price of some composite market basket of commodities.
But even if we confine our attention to what is ordinarily called a
commodity, such as ‘“wheat,” we find ourselves dealing with a
composite commodity made up of winter wheat, spring wheat, of
varying grades. Each of these in turn is a composite of hetero-
geneous components, and so forth in infinite regression. j

There is a related reason for analyzing the effects of a genefal
transformation. Among the many recent advances contained \in
Professor J. R. Hicks's Value and Capital perhaps the most impdr-
tant from an analytical point of view was the enunciation of the
principle that a group of commodities has the property of a single
commodity if their prices all change in the same proportion. This
theorem had been partially anticipated by Professor Leontief,” but
it was Professor Hicks who made it the cornerstone of his exposi-
tion. Every mathematical economist, working in many variables,
finds difficulty in explaining his theories in words or diagrams. By
means of the Hicks-Leontief theorem all but one of the variables
can be lumped together as a single variable, and a tolerably
simple literary explanation can be phrased. We shall see how this
theorem emerges as a special case of general theorems concerning
transformations.

The most general conditions of equilibrium are of the type first
encountered in chapter ii, equation (1), which we may rewrite in
matrix form with suppressed subscripts as

flx;a) = 0. (10)

If we subject the independent variables to the non-singular
transformation

x = T(z), (17)
whose Jacobian
& 1]
never vanishes, then our equilibrium conditions become
fT@);a] = j(#;0) = 0. (18)

TW. Leontief, “Composite Commodities and the Problem of Index Numbers,'
Econometrica, vol. 1V (1936).
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If the relationship between the equilibrium values of our un-
knowns and the parameters was given by

= g(a), (19)
the new relationship will be

z = 9(a), (20)
which will be equivalent to

T(z) = g(a). (21)
Most importantly, it can be easily verified that

dx dx di

da = dida (22)

We may turn directly to the general extremum problem where
some quantity is to be at a relative maximum or minimum with
respect to n independent variables, which are themselves under
m constraints.® In matrix notation we have

z = f(x) (23)
G(x) = 0.
At a regular maximum it is necessary that the matrix
[fa Gz (24)
be of rank m, and that
h'H..h (25)
be negative definite subject to
h'G. = 0.
where
Heo = (for; + Z MGag}]. (26)

where the \'s are Lagrangean multipliers.
After transformation we have

(fis Gi) = [Zif , [fo G- 7)

¥ See Mathematical Appendix A, Section 1I1.
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where prime on a matrix [a;;] indicates its ‘‘transpose’” [a;,].
Since the first matrix on the right-hand side is non-singular, the
first order rank conditions are invariant under transformation. It
is also easy to show that

WHz=h = W H,.h, (28)
where
WG: = hG, =0,

-[4)

so that the second order conditions are invariant under trans-
formation. \

Alternatively this might have been proved by showing the in-
variance of the relevant bordered determinants in consequence of
the relation:

fi=z Gs dx’ 0 1, G ][dx 0
= | df dz (29)
G 0 0 I G 0 0 17

It will be noted that the Lagrangean multipliers (Ay, - - -, Am)
are invariant under transformations of independent variables.
There are economic as well as mathematical explanations of this.
If we insert parameters (a;, - - -, @) in our equations above, so that
our constraints become

GH(x) — ay = 0, (30)
then one can casily verify by direct differentiation that
ds ]
— =[—- N] 31
[dak other a's constant [ ‘.] ( )

Earlier we have derived special cases of this in connection with the
marginal utility of income (chapter v, p. 100) and marginal cost
(chapter iv, p. 65).

The above relationship can be derived heuristically by differ-
entiating FI with respect to &, holding all other variables constant.
As with other operations involving Lagrangean multipliers, this is
an analytic “trick” whose justification lics in its equivalence with
expressions which can be rigorously derived by more roundabout
methods.
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Explicit attention is called to the fact that transformation of
the independent variables of an extremum problem subjects the
matrix of the relevant quadratic forms to a cogredient congruent
transformation which leaves the definiteness of the quadratic form
unchanged, and also leaves the signs of principal minors of a given
order intact. This is in consequence of the equivalence of our
equilibrium equations to an extremum condition, and need not be
true for other types of equilibrium.

Thus, when Hicks ® sets down as a condition of perfect stability
under general market exchange the requirement that all the
principal minors of a matrix

-[5]
9p;

be positive, we have as yet no way of knowing whether or not this
is indcpendent of the particular codrdinate system chosen. The
same may be said of his concept of “‘imperfect stability.” The
rcason for the ambiguity lies in the inapplicability of the proofs
given above to asymmetrical matrices.!°

This section has dealt with the invariance of an extremum posi-
tion under transformation of independent variables. We turn now
to the problem of transformation of the dependent variable.

TRANSFORMATION OF DEPENDENT VARIABLE

It is by now well known that the equations of demand are
independent of the particular choice of utility index; ! i.e., all of
their properties are invariant under a general transformation

U = F(e), (32)

where the latter is a one to one, always increasing function. For
simplicity we may assume that it is twice differentiable.

In the most general case where f(x) is to be made a maximum
subject to one or more constraints on the x's given by

G(x) = 0, (33)

*J. R. Hicks, Value and Capital (London, 1939), chap. v and Mathematical Ap-
pendix, pp. 315-317.

19 This problem is discussed again later in this chapter.

1 See chap. v, pp. 94, 99, and 104,
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the equilibrium conditions are completely expressed by the condi-
tion that [f.G.] be of certain rank, and that the quadratic form
h'H ..k be of certain definiteness for values of % satisfying

WG, = 0.12 (34)
Now if we subject 2z and the G's to the transformation
F = F(2) and E = E(G), (35)

constraints, our conditions involve the rank of [F.E.] and the
definiteness of #'R,.k, subject to \

\

and ask that the new variable F be maximized subject to the llxew

WE, =0, (36)
where
R:. = [Fij + ¥ myE.*]. (37)
1

By actual differcntiation we easily find the relationships between
the new and old matrices, namely

Since the last of these matrices is a diagonal matrix which is to be
non-singular, the first order rank properties are clearly invariant
under this transformation, as is the actual solution in x itself.

We may similarly verify by differentiation that

WRuh = K[Ffy + T mEd(GHG.* Tk

+ K[F'ff; + T mE’G}GFIh.  (39)

From the first order rank conditions, there must be linear de-
pendence between the f, and G, columns of precisely the sort to
make the second part of the right-hand side of the above equation
vanish for admissible #’s. From the monotonic property of the
functions F and E it follows that [ FE,’] are non-vanishing; hence
the transformed quadratic form retains its definiteness.

12 See Mathematical Appendix A, Section V.
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This completes a sketchy proof of the invariance of our equi-
librium conditions. This whole problem is of interest primarily in
connection with utility and consumer’s choice theory, but our
theorem applies just as well to the maximization of profit. If we
maximize the square of profit, or the log of profit, or 90 per cent of
profit, or that monotonic function of profit which the Treasury
tells us we can retain as net income, there will be no change in our
optimum price and output policy. In connection with the produc-
tion function the combining of the factors of production so as to
produce a given output most cheaply could be done as well if we
worked with some indicator of output rather than with output
itself; alternatively, we might work with the iso-product contours
alone, taken without regard to their numbering. However, it is
important to realize that the variables, profit and output, are
measurable under ideal conditions; consequently it is artificial and
unnecessary to replace them by a transformed variable.1

Explicit evaluation of the new Lagrangian multipliers shows
that they have been changed by the transformation as follows:

F' ()M
= EGH (40)

The significance of this for the marginal utility of income appears
in the discussion in chapter vii.

TRANSFORMATION OF PRICES

Thus far I have considered transformations of the unknown
variables, leaving the parameters, @, unchanged. We are able to
evaluate changes of the new variables with respect to a by equation

3 Can those who have a fondness for cardinal utility find support for their position
by analogy to other disciplines, such as physics? In my opinion, no. Certain physical
concepts, such as temperature, were for a long time treated by the physicists as ordinal
magnitudes. T'heir behavior could be described by any one of many different indicators,
whose relationship to each other was not linear. Finally it was deemed convenient to
give conventional, prnvnleged position to one such index, namely that based upon the
properties of a “perfect gas.”” Nor is the use of the word “force” in physics books a good
precedent for utility analysis; much of physics can dispense with the term, and in any
case the things for which it stands, such as rate of change of momentum, or derivative
of a potential f unction, can be given strict observational values, which are not invariant
under monotonic transformation. Perhaps a better precedent for economics is that of
statistics, where likelihood or its logarithm is used indifferently depending upon nu-
merical convenience, and without metaphysical connotations.
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(22). However, in the new codrdinate system we are no longer
able to state definite thecorems regarding the signs of these changes.
In the old system we could definitely state that

av,
<0, (41)

but our new coefficient (99,/0w,) is a linear combination of terms
of the form (dv;/dw,), the sign of which can be anything.

And yet, since there was nothing privileged about the ﬁ‘-st
covrdinate system, it is manifest that there must be somewhere \in
the new cootrdinate system theorems no less definite than in the
old. As we shall see, this ‘“hunch’ is correct. There are su
theorems, and they are to be derived by considering the changes
of our new variables with respect to specified composite changes in
our parameters. That is, at the same time that we subject our
equilibrium unknowns to a transformation, we subject our param-
eters to a transformation. The latter transformation is not the
same as the former, but, as will be shown presently, the transforma-
tion of parameters is related in a definite manner to the trans-
formation of quantities.

For the present purpose, it is not necessary to examine the
problem in full generality. We may consider the important case
of a firm maximizing profit as in the first section of this chapter.
The case of an extremum under constraint, such as appears in pro-
duction and utility theory, can be developed in a straightforward
manner by the reader.

Let profits be written in the form

r(v;w) = R(oy, -+, va) — 5 w05, (42)

where the w's are parameters taken as given by the firm, and the
v's are productive inputs. The v’s and w's are just special cases of
x's and p's, having specific reference to inputs.

If now we define new commodities (4, - - -, #.), we ought to be
able to find definite relations betwcen their changes and changes
in their prices, just as we have been able to do in the old codrdinate
system. But what are we to mean by the prices of the new com-
modities, (w,, -+, w,). Only one answer is possible, as must be
obvious to anyone who has worked with the price of a market
basket of goods.
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The price of the latter is reckoned as a weighted sum of the
individual prices, where the weights are chosen so that the total
value of the new commodity, equal to w3, is the same as the value
of the component parts. This suggests a general rule to be fol-

lowed. Throughout all transformations, value magnitudes are to
be conserved; i.e.,

T we = 3wk (43)

regardless of the transformation. For this is a value magnitude
(dollars, pounds, etc.), which is not arbitrary once prices and
quantities in any coordinate system are given. On the other
hand, prices and quantities involve the particular reference system
being used, and are thus arbitrary.

It is a familiar mathematical problem to subject two sets of
variables to transformations, now assumed to be linear, so as to
conserve their inner products as in equation (43).1 Variables
related in this way are called contragredient variables.®

If we subject the quantities v to the non-singular linear trans-
formation

v = i, 7= ¢y, (44)
then
w'y = wch. (45)
If, and only if,
w = ¢! or w = c'w, (46)

will (43) be realized. Thus, the related transformations of prices
and quantities are

.= CT, = C_"L', (47)
w = ¢V, W = cw,

where the transposition and inversion of the matrices is to be noted,
alopg with the fact that the relationship between the two trans-
formations is reflexive.

14 This problem arises in higher geometry, in many branches of mathematics, and
in multiple regression analysis where predicted dependent variables are to be independent
of transformations of the predicting variables. As the latter undergo a linear trans-
formation, the regression coefficients must be adjusted accordingly so as to leave the
predictions unchanged.

18 M. Bocher, Introduction to Higher Algebra, p. 108.
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After transformation profits become

x(v;w) = #(5; 0) = R(s) — f: ;5;. (48)

In form this is the same as the original ; consequently, it follows
from the maximization conditions that everything that could be
said about (dv/dw) can be said about (d5/dw). Thus,

d- i
= () 4
is symmetrical and negative definite. \
This might also have been deduced from the fact that \
di _ didvdw
do = Jvdwdn (50)
Substituting into this the equations of (47), we find
di dv _,
a0 = ! aw ¢ ¥, (51)

It is a classical mathematical fact that a matrix's properties of
negative definiteness and symmetry are preserved after a con-
gruent transformation of the above type.*®

There are many equilibrium systems encountered in economics
which do not arise from an extremum problem and which cannot
be converted into this form. The various simplified versions of
the Keynesian system provide but a first example of what is after
all the general case. A second example is that of the general equi-
librium equations of Walras. An intermediate case is a third ex-
ample in which we assume consistent preference behavior, infini-
tesimal indifference loci at every point subject to certain generalized
convexities, but without the assumption that “integrability’’ con-
ditions are satisfied so that the “local” indifference planar elements
can be “joined” together to form a family of indifference loci.
Thus, our preference field may be characterized by a differential

1 Mathematical Appendix A, p. 368. The first proof above can be used to derive a
proof for this classical theorem. Also, if we set ¢ = [a], it is easy to show that the
inverse of a definite matrix, a, is itself definite. This is related to the “inverse” profit
function or “price potential” discussed in chapter iii, p. 56. The latter in turn seems
related to the so-called Legendre transformation. See A. Wintner, Analytical Founda-
tions of Celestial Mechanics (Oxford: 1941), chap. i.
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expression, or Pfaffian, for which no integrating factor can be
found. Only in the case of two goods can we always find an
integrating factor which will lead to an “exact differential” which
can be integrated.!?

The first of the above three examples is of no interest in this
connection since we cannot pair a set of “price” variables as
‘“conjugate’ variables to ‘‘quantities.”

Turning to the second example of gemeral equilibrium, I
should like to point out a grave difficulty with the Hicksian concept
of stablhty of general exchange and production. 1In later chapters
it is argued that stability is an essentially dynamic concept, and
that the formal statical treatment of Hicks leads to conditions
which are neither necessary nor sufficient from a dynamical point
of view. Here it will be argued that the Hicks stability conditions
are unsatisfactory from a purely statical point of view.

This may be illustrated by the somewhat simplified system of
chapter v of Value and Capital, whose equilibrium is given by a
set of equations of the form

xk(Ph ] Pﬂ) = 0. (k = lv "'vn) (52)

To be perfectly stable the Jacobian, [dx/dp], must have all its
principal minors oscillate in sign. A matrix with this property I
shall call Hicksian. To be imperfectly stable, we only impose the
weaker condition that the (# — 2) and (» — 1) order minors be of
the opposite sign.!®

Since no particular definition of commodities or frame of refer-
ence is fundamental, if the Hicks conditions are fundamental, they
must be invariant under transformations of price and quantity.
A single example suffices to show that a matrix @ which is Hicksian
becomes under transformation ¢~![dx/dpJc", and this need not be
Hicksian, nor even imperfectly stable.

17 The problem of integrability goes back to the ‘“classical” discussions of Irving
Fisher and Pareto. In their “A Reconsideration of the Theory of Value,” Parts [
and II, Ecomomica, XIV (1934), 52-76, 196-219, Hicks and Allen touch upon it, but
not in an altogether satisfactory fashion. The most illuminating treatment is that of

e-Roegen, “The Pure Theory of Consumer's Behavior," Quarterly Journal of
Economics, L (1935-36), 545-593. See also the discussion of chap. v, p. 95 above, and
P. Samuelson, “A Note on the Pure Theory of Consumer’s Behavior,” Ecomomica, V
(1938), 61-71, 353-354, for some unsolved problems in this connection.
% Value and Capital, pp. 67, 315.



140 FOUNDATIONS OF ECONOMIC ANALYSIS
Thus for

dc _ [ —1 1o]
dp | 0 -1
L. 1 2 (53)
“C°T1l2 1
we get
dz _[.96 9.6
=10 "9 34

which is neither perfectly stable nor imperfectly stable.

Of course, if [dx/dp] had been symmetrical and definite (as
when income effects can be neglected), this could not have hap-
pened; but then our system would have been convertible into a
maximum problem.

I have shown elsewhere that convexity in non-integrable cases
implies that the ‘“symmetrical part’” !* of certain matrices be
definite. This follows in consequence of the relation

T Av.Ap; =0, (55)
1

where the p’s and the x's may or may not be under constraints.
By going to the limit, we find that [dx/dp + dx/dp']/2 and
[(dp/dx + dp/dx"]/2 must be non-positive.

It is not hard to show that this property, which we shall call
quasi-definiteness, is invariant under redefinition of commodities,
or under a general non-singular congruent transformation. Thus,
let [a + a’]/2 be negative definite. Then the quadratic form

Wah = ' L“—“;“—Jh +0 (56)

is negative definite. Conversely, if #'ah is negative definite, then
a is negative quasi-definite.

With the aid of a non-singular matrix b we subject a to a con-
gruent transformation so that

a = b'ab. (57)

1% Every matrix a can be decomposed into a symmetrical and an asymmetrical
part. Thus,
a—-a

+ -

a+4+a
a.._.:._..
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Then

k'ah = [K'b'Ja[bh] = Wah, (58)

and the extreme right-hand member is always negative, as must
be the left-hand side. Thus, [@ + a’]/2 is negative definite, and
d is negative quasi-definite.

The above analysis may be of interest even where there is in-
tegrability. If income effects cannot be neglected, the Jacobians
of general exchange equilibrium need not be symmetrical. How-
ever, if the income effects are symmetrical and definite, or if their
symmetrical parts are definite, or if their symmetrical parts are not
so lacking in definiteness as to outweigh the definiteness of the
substitution effect, then the Jacobians will be quasi-definite. Not
only is this property preserved under transformation, but it is
possible to establish the Theorem: If a is quasi-definite, it 1is
necessarily Hicksian, bul not conversely.

This important theorem can be proved in a variety of ways.
One is to write each principal minor of ¢ in a Taylor’s expansion
around [e + a']/2 so that the skew elements (a,, — a,;)/2 appear
in a power series. Then it can be shown that all of these elements
enter in even powers so that the complete ¢ matrix is ‘‘more
Hicksian” than its symmetrical part. This confirms my previous
remark that asymmetry, per se, makes for greater rather than less
stability. The real significance of quasi-definiteness can only be-

come apparent from the dynamical discussions of stability in
later chapters.

DEMAND FOR A GroUP OF COMMODITIES

Value and Capital will take its place in history along with the
classic works of Cournot, Walras, Pareto, and Marshall. Like the
latter, Hicks has succeeded in keeping formidable mathematical
analysis below the surface of things and locked up in appendices,
thereby securing for his work a much wider audience than would
otherwise be possible. This four de force was made possible in
considerable degree by the repeated use of the already mentioned
theorem relating to the demand for a group of commodities when
their prices all change in the same proportion. We are now in a
position to derive this theorem rigorously in a more general form.
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When a group of prices, say (¢, - -, p,), all move together,
it is natural to define a new commodity, £,, by the relation
&1 = pix1 + poxs + -0 + px. (59)

Strictly speaking, we are not thereby enabled to replace # com-
modities by (z — r + 1) commodities. We are merely changing
our frame of reference, and so we must lose no dimensions or degrees
of freedom in the process. Our complete transformation of quan-
tities can be given by

- [gl— P2 pr 0 0]
I = 0 X

Here we have simply defined all commodities but one to be iden-
tically the same as before; ?° the first commodity has been replaced
by the new composite commodity. The contravariant price vari-
able must then satisfy the equation

1 0 --- 0

_ b
b

b= I (61)

0
so as to leave ¥ px = ¥ pi. Even though (n — 1) commodities
are the same as before, their prices must have changed. This
will not seem strange if it is remembered that a price is not a
property of a good itself independently of the frame of reference
involved. In fact, it is quite possible for either prices or quantities
to become negative, although 3 px will conserve its original sign.

Now if we change prices (¢1, - - -, $») in the same proportion, A,
holding constant (p.41, - - -, pa), it can be shown by explicit differ-

* This is only one of an infinite number of possible transformations which will serve
the present purpose.
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entia_tion, dp/d\, that in the new price-quantity codrdinates only
the p, is changed with all other $’s remaining constant. Conse-

quently, if this price changes, and if income is changed in such a
way as to keep utility constant, then

ds
EiTsi =R, <0. (62)
Also
RuKs — K2 >0, etc., (63)

so that all of the properties of the demand functions given in the
previous chapter are satisfied.

Thus, the demand or a group whose relative prices are unchanged
satisfies the same inequalities as in the case of a single good.

This is the fundamental Hicksian theorem.? It can easily be
broadened so that we may work with s(= n) composite goods.
Their substitution terms form a negative definite quadratic form.

This is a very useful theorem. It states that any group of
commodities whose relative prices remain unchanged can be lumped
together into a single commodity, and that indifference curves in
fewer dimensions can be constructed which will have all the usual
properties of indifference curves. Thus, all goods but one can be
lumped into one commodity which Hicks calls “‘money,” and then
concave indifference curves can be drawn between the good in
question and ‘‘money.”

It would seem that this involves rather a strained use of the
term ‘“‘money,” and one almost certain to lead to confusion.?®
Very properly when Hicks later comes to discuss monetary matters,
he rejects this earlier notion.

% Proved in his Mathematical Appendix, pp. 311-312, as a consequence of his sixth
rule relating to substitution terms. All six of these rules are contained in the statement
W[XJk is non-positive definite quadratic form of rank (n — 1), which vanishes for
values of k proportional to prices, this being an immediate consequence of the primary
conditions of equilibrium and the secondary conditions guaranteeing an extremum
under constraint.

2 Value and Capital, p. 33, passim, diagram on p. 39. Also see A. G. Hart, “Peculi-
arities of Indifference Maps Involving Money,” Review of Economic Studies, VIII (1941),
126~128.

% Such an instance is provided by a writer who interprets Hicks literally and con-
fusedly attempts to throw light on the “inflationary gap” by means of an indifference
diagram in which money is taken as a catchall for all but one commodity. M. W. Reder,
“Welfare Economics and Rationing,” Quarterly Journal of Economics, vol. LVII (1942).
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THE GENERAL PrOBLEM OF COMPOSITE OR
AGGREGATE COMMODITIES

Any econbmic system when viewed carefully will be found to
consist of an almost uncountably large number of variables. It is
almost a necessity if advances in analysis are to be made to simplify
matters artificially so as to reduce the number of variables which
are to be handled. This is done in a number of different ways.
Some authors retreat to a one or two commodity world in ordet to
derive more precise results; the penalty for this lies in the difﬁcu\:y
in establishing the relation between the simplified construct and
complex reality. This, however, is at least an honest procedur\\e.
Other writers wish to have their cake and eat it too: to work with
only a few variables and at the same time retain an air of realism
and versimilitude. )

Here too a variety of artful dodges are open to the investigator.
(1) He may hold other things equal. (2) He may concentrate on a
representative firm or family, each of whom is doing about what
all are doing. (3) Or he may work with certain aggregate, com-
posite magnitudes, such as bales of output, ‘‘socially necessary”
labor, ‘‘wage units,” cost of living, real national output, etc.

It is the third device which is of interest here. There is
nothing intrinsically reprehensible in working with such aggregate
concepts. On the contrary, abstraction from complexity is a
necessary thought process. And in any case the most general
equilibrium set up must necessarily stop short of the full total of
all possible economic variables. But it is important to realize the
limitations of these aggregates and to analyze the nature of their
construction.

Broadly speaking, we replace a number of variables by a single
variable under two diametrically opposite conditions. In the first,
the variables have each the same effect (except possibly for scale
differences which disappear upon redefinition) upon all of the eco-
nomic functions under discussion. In this case, they can be
summed and treated as one. Thus, we might define as the same
commodities all goods which have exactly the same influence on
consumption preference fields and production functions, which are
so to speak infinitely substitutable. In practice rigid adherence to
perfect substitutability might lead to the unmanageable result that
no two things are quite the same. Consequently, goods which do
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not significantly (for the purpose at hand) differ are treated as
identical.

Actually the above case of substitutability is but one example
of the more general mathematical theorem whereby the identical
vanishing of a Jacobian, or of all of its minors of a given order,
implics that there exists functional relationships between sets of
the variables, so that many may be dropped out of the picture
completely. It is clear from the implicit function theory that such
simplifications are possible only in the case where the original
system was indeterminate.?* This may or may not be a matter of
concern. What if the variables which are extraneous cannot be
given determinate values by the system of equations which define
equilibrium? The indeterminate variables may be a matter of
indifference to the economist. Thus, take any determinate system
of economic goods. Let each unit of one type of good be marked
with an invisible serial number, and now let us ask how many odd
numbered units will be bought by a given consumer. Clearly the
answer is indeterminate, but also of no possible interest. If con-
sumers did have preferences as between different serial numbers,
then the indifference schedules would be affected by this fact, and
additional equations would be available to determine the final allo-
cation. And notice that even in the case of complete indifference
the final allocation is not really indeterminate on any particular
occasion. It is just that the determining factors, which are taken
as due to ‘“chance” by the economist, would be of a different
character.

Unlike the first condition under which variables are lumped
together because they are infinitely substitutable, at the other ex-
treme we combine variables which bear an invariant, ‘‘perfectly
joint” relationship to each other. A notable example is provided
by the classical ‘‘dose”’ of labor and capital applied to land. Here,
too, the economist customarily relaxes the rigid requirement of
perfect collinearity in favor of an approximate condition. Thus,
the most primitive justification for a price level construct is pro-
vided by the indisputable fact that prices do generally rise and
fall in about the same proportions.

* This must be qualified. Our original equilibrium equations may be imbedded

in a still wider set of equations so that the total is determinate, but the original subset
taken by itself is not.
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Geometrically this differs from the first case in which indiffer-
ence curves or iso-quants are straight lines. Here the contours are
broken lines meeting at right angles in such a way that the goods
or factors will by obvious choice be combined together in the given
proportions almost regardless of price ratios. Unlike the Hicksian
bundle of goods the physical composition is the same regardless of
relative prices. .

Of all composite magnitudes perhaps the most interesting[ to
the theorist is that of an index of the cost of living, or of an index
of consumption output. Such an index is designed to meet certajin
special requirements and need not be satisfactory for other pur-
poses. In particular, it need not represent the desideratum from
the standpoint of the questions which Jevons and other pioneers
in the use of index numbers sought to answer. Yet the theory of
these indices is of some interest for its own sake and because in the
course of investigation of these index numbers economists inad-
vertently stumbled upon certain ordinal relationships which are
basic to welfare economics and to consistent consumer’s behavior.

THE EcoNoMic THEORY OF INDEX NUMBERS

Economists such as Jevons, Edgeworth, Marshall, Allyn Young,
Warren Persons, Irving Fisher, Edwin Frickey, and others have
made contributions to what may be called the statistical theory of
index numbers. But what has come to be called the economic
theory of index numbers is concerned with quite distinct matters.
To this theory many economists have made contributions. A
partial list would include the names of Wicksell, Konus, Bortkie-
wicz, Bowley, Haberler, Pigou, Keynes, Staehle, Leontief, Allen,
Lerner, Frisch, and Wald.?

With the exception of Leontief all of these writers are unduly
preoccupied with the problem of the price index number, instead of
being occupied with the more fundamental question to which it is
only a partial, and somewhat arbitrary, answer. The fundamental
problem upon which all the analysis rests is that of determining merely
Sfrom price and quantity data which of two situations is higher up on

% Reference may be made to the survey article by R. Frisch, “Annual Survey of
General Economic Theory; The Problems of Index Numbers,” Econometrica, IV (1936),
1-38; also to the article by W. Leontief in the same issue. The early volumes of the
Review of Ecomomic Studies may be consulted for other discussions.
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an individual's preference scale. This problem admits of a partial
answer if certain rigid assumptions are fulfilled.

It is assumed that there is only one individual, whose tastes do
not change in the period under consideration: or if there are more
than one, that their tastes are identical. It is not necessary to
assume that the regime of commodities is the same in the two
situations provided we follow the convention of setting at infinity
the price of any good which is unavailable. At whatever the
prices named, the individual is presumed to buy as many or as
few of the goods as he wishes. This rules out such phenomena as
rationing or monopsony. Ordinarily, a comparison is made be-
tween two situations which differ in time, but we might just as well
compare two situations different in any respect, as in the case of
comparisons in the cost of living between two regions.

Our fundamental data consist of prices and commodities, in-
cluding productive services which can be treated as negative com-
modities, in the two situations, represented respectively by (P2, X¢)
and (P X?), where these are shorthand notations for the prices
and quantities of n goods. Of course, if we know completely the
individual’s whole preference field, we may simply insert into it
the two amounts of commodities and read off which is the better,
or whether they are indifferent. Since we do not know the field,
our problem is to go as far as we can on what we do know.

If for the moment we restrict ourselves to the quantity data,
we ordinarily cannot say which of the two situations is the better.
However, in the exceptional circumstance in which one of the
situations contains more of some of the goods than the other, and
not less of any of the other goods, then it is clear which is the better.
Taking situation 4 as our reference point, and thinking of the
simpler two-dimensional case, we can definitely divide up the whole
of the commodity space into four regions with respect to X by
letting two perpendicular horizontal and vertical lines (not shown
in the figure) intersect at this point. Treating this as the origin,
we can definitely classify all points in the northeast quadrant as
better than X°, and all points in the southwest quadrant as defi-
nitely worse. We are left then with ignorance concerning the in-
terior points of the other two quadrants. In these more of one
commodity has been acquired at the expense of less of another, and
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until we have further information concerning the preference field
this is as far as we can go.

But it should be possible to utilize our price information. If
the individual is supposed to be maximizing his ordinal preference
field subject to the given budget relation, we may be sure that the
point X is better (or not worse) than any point between the budget

REGION OF IGNORANCE IN ANALYSIS
OF INDEX NUMBERS

SECOND COMMODITY

FMST  COMMODITY

FIGURE 1

locus and the axes. For all such points were available to the in-
dividual in the initial situation, and he nevertheless preferred to
select Xe. It follows that for all such points

UX) = UX). (67)

Thus, we have narrowed down the region of our ignorance, but not
completely. <

It will be noted that the two situations have not been treated
symmetrically, 4 always being the reference point. It might well
happen that X lay inside the budget line of the point X®. Assum-
ing for the moment that knowledge of the complete preference field
were available, for what values of X* would this be possible? Ap-
plying the requirement that X must cost less than X* at the prices,
P?, the boundary of this region will be given by the equality

> PtXe = 3 POXP, (68)
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Geometrically, this locus is the result of swinging the budget line
through the point X, and determining for each position the point
where it reaches the highest indifference curve, to which it is
clearly tangent. If we connect all such points, we have a familiar
offer curve. All points above this offer curve, are definitely better
than X¢, in the same sense that all points under the budget line
of X are definitely inferior to Xe. (It is to be emphasized that a
knowledge of two points does not give us this locus in the way that
it gives all the previous boundaries. Nevertheless, given two such
points, it would always be possible to decide just where X* was
with respect to X¢.)

We have now narrowed our ignorance down still further. Ac-
tually this is as far as we can go on the basis of the given data.
Note that the old boundaries of our ignorance derived from the
utilization of quantity data alone have been made obsolete by the
additional light furnished by the auxiliary price information.

We have gone a long way, but there is still left a definite area
of darkness—the space between the two heavy lines. I should
like to state as strongly as possible that this final indeterminacy is
intrinsic and inherent. No amount of ingenuity can remove it,
grounded as it is in the fundamental convexity properties of the
indifference field, or more accurately in the consistency behavior of
the individual. It is important to prove this rigorously, for pe-
culiarly in the literature of index numbers is an attempt made to
search for limits within which the truth must lie without at the
same time investigating whether or not these are the best possible
limits. Moreover, the limits themselves are sometimes derived
under special approximations, such as the neglect of ‘squares of
small quantities,” etc.

To see that these are indeed the best possible limits under the
circumstances, let us suppose that someone proposes narrower
limits. Since our preference field is arbitrary except possibly for
certain curvature properties, we can draw the true indifference
curve through X* so as to contradict any more definite result. If
the proposer claims that a given point in the area of darkness is
worse than X, we can pass the indifference curve below that point
but above the correct lower boundary in such a way as to make this
statement wrong. Similarly, the opposite statement can be shown
not to hold universally. (It is of course understood that ‘‘we” do
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not actually change the indifference field of the economic unit under
observation; but “we” can find a consistent field for which the
given result holds.) Where the offer curves bend back, we are able
from quantity considerations alone to extend dur boundaries along
the dotted lines indicated in the figure.

For well-behaved indifference fields with the proper continuous
derivatives, the offer curve which gives the upper boundary of the
area of darkness will be tangential to the indifference curve going
through X° and to the lower budget boundary through X=. Even
if there is a corner in the indifference curve at X, there must be
generalized tangency in the sense of touching from above witholut
crossing. One might be tempted to say that the area of inde-
terminacy narrows down to a point in the vicinity of X%, but
nothing is gained thereby. Nevertheless, the mathematician is
tempted to consider Taylor’s expansions in the neighborhood of
the X° point and to neglect terms of higher order. Perhaps there
is even some empirical statistical usefulness in the handling of
budgetary data to be found in this practice, which has been associ-
ated with the names of Bowley and Wald.

But from a fundamental viewpoint there is no getting around
the fact that for any finite move, however small, there remains a
region of ignorance; this region may narrow down as the size of
the movement decreases, but it never vanishes, except for the
trivial case of a vanishing movement.?¢ Thus, there is nothing to
be gained for the present purpose from following the practice of
Divisia ¥ in working with differentials or infinitesimals. The fact
that these avoid difficulties connected with the time reversal and
factoral reversal is not an indication of their superiority, but of the
fact that they sidestep the intrinsic difficulties of the subject
matter. i

By the examination of value sums we can sometimes, but not
always, state definitely whether one situation is worse than another.
But we can mever by these means state that two situations are
equally desirable. In fact, as will become evident from later dis-

% It may be worth mentioning that even a knowledge of the curvature of the in-
difference curve at X* will not enable us to narrow down our region of ignorance. It
will enable us to assert with confidence that the indifference curve will approach arbi-
trarily near to the osculating circle, but the departures for any finite small movement

may be of either sign and of any magnitude.
% F. Divisia, Economigue Rationnelle (Paris: 1928),
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cussion, knowledge of prices and quantities on a finite number of
points will not permit us to determine the equality of two points;
but in the limit as the number of points becomes infinite we can in
fortunate circumstances determine points of indifference.

This result may be approached by a consideration of the addi-
tional information which a third point will yield. We now have
three pairs of points, and it may turn out that any two of them
when put to the test of our computed value sums gives a definite
answer. In that case each pair can be considered by itself without
regard to the third point. Of course, from the discussion of chapter
v it will be clear that a consistent ordinal preference field can never
give contradictory testimony whereby point A4 is better than B,
which is better than C, and at the same time the latter is better
than 4. For the relations of ordinal utility are transitive.

But the relations of better or worse as revealed by the value
sums are not transitive; that is why I have elsewhere proposed a new
notation to represent ‘‘revealed” preference in this special sense.
Thus, if our value sums give a definite result so that

Y PeXb = ¥ PeXs, (69)
this fact may be represented by the symbol
Xt Q Xe. (70)
Since
XQ X implies UXxer) < U(Xe), (71)

and this in turn implies
U(Xs) « UX), (72)

then to avoid a contradiction in logic, we must be able to state
the theorem

Xt X implies X @ X°.
But this is not the same thing as the meaningless assertion that
X Xe implies XQ Xt (73)
or the incorrect assertion that
X*QXe and XQX* implies XQXe (74)
The most that can be stated under the above hypothesis is that
X @ Xe. (75)
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This is much weaker than transitivity. An additional indication
that the algebra of revealed preference is quite distinct from that
of cardinal or ordinal numbers is the fact that equality is not
defined ; consequently, two points cannot be placed in one of the
three categories: A worse than B, or B worse than 4, or the two
equally good. All we can say is: either A4 is revealed to be worse
than B, or B is revealed to be worse than 4, or there is no indica-
tion one way or another. These are mutually exclusive categories
only if a consistent preference field is postulated.

It is precisely because of this lack of transitivity that knowledge
of a third point may add knowledge to a comparison between two
given points. Our value sums may give no indication with respect
to points X and X° taken by themselves, but an intermediate point
X® may serve to indicate their true ordinal relationship to each
other. We are in a position now to indicate just how much points
X® and X° may narrow down our ignorance in relationship to X2,

If the two additional points both lie in our old area of darkness,
we are no better off than before. But if X® lies in the upper region
of certainty with respect to X°, and X¢ lies in the upper region of
certainty with respect to X?, then even though X° lies in the Xs
region of uncertainty, it can still be definitely said to be better
than X¢. Therefore, we have narrowed down our area of darkness.
How much can this area be reduced in the most favorable case?

From the geometry of the problem it can be shown that X* must
lie on X*'s offer curve for the best results. We then proceed to
draw the offer curve through X*. This will cross the old one and
thereby narrow our region of ignorance, since every point above
the new offer curve is definitely better than X*. If now we let X°
take each and every position on the old offer curve, the process can
be duplicated as many times as we wish, giving us a one parameter
family of new offer curves. The lower envelope to this family of
curves gives us our new upper boundary of uncertainty.

In the same way, we can secure a best lower boundary by letting
X? travel along the original budget line, generating through each
such point a new budget line, or a one parameter family of such
lines in all. The upper envelope of this family of lines is our new
lower boundary. Our new boundaries must of necessity lie within
the old ones, but there is still left an area of darkness.

If a fourth point is added, we may narrow our ignorance still
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further; similarly with a fifth point. It is intuitively clear that
the boundaries will never meet for any finite number of points; but
in the limit as the number of points becomes infinite, the upper and
lower boundaries approach a common limit, which is of course the
indifference curve through X Points along this curve, and only
such points, can never find their place in a finite chain of points
which serve to relate them unambiguously to the initial situation.
Thus, with a single dimensional infinity of points any indifference
curve may be traced out. With a two-dimensional infinity of
points, the whole indifference field can be determined. In fact,
with this much knowledge we may dispense completely with re-
vealed preference, and instead ‘‘integrate’ completely our elements
of slope at each point into a one parameter family of indifference
curves.

The above discussion is concerned with the narrowing of our
field of ignorance under the best circumstances. In actual practice
we shall not necessarily do nearly so well. An instance is provided
by the frequently met case in which we know a complete budget
line (expenditure path, income consumption curve, etc.) giving the
behavior of changes in all of the commodities with changes in
money income but with unchanged prices. Such a situation is
provided by observations of the behavior of more or less similar
people, all confronted with the same prices but differing with
respect to total expenditure.

Not only is this of considerable statistical importance, but it is
of special relevance in connection with the usual economic theory
of index numbers, where a comparison is made between two price
situations, rather than between two particular price-commodity
situations. By applying our previous analysis it will be seen that
the knowledge of an infinite number of points along two budget
lines will not be sufficient to determine the whole preference field,
or even a single indifference curve, or even be sufficient to enable
us to match points of equivalent satisfaction on the two budget
lines. If we select a given point on one line and through it draw
a budget line and an offer curve, then these last two loci will split
the other budget line into threc parts. The lower part will consist
of points all worse than the initial point, the upper part will consist
of points all better than that point, while the intermediate part will
constitute our area of indeterminacy.
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Of course, the closer together are the two price situations, the
smaller will be the indeterminacy. Therefore, we can narrow down
our ignorance by a knowledge of many intermediate budget lines.
In the limit, as the number of budget lines becomes infinite in such
a way as to decrease indefinitely the distance between each, we
shall approach the complete indifference field.

The value sums considered up until now have all had the dis,
advantage of being capable of yielding indeterminate results. W
shall put up with this if need be, but first we must determin
whether it is not possible to devise an index of quantity, computable!
only from the prices and amounts of all the commodities, which
will be an unfailing indicator of ordinal utility. Can we not find a -
magic formula which will have these properties when applied to
any preference field whatsoever, or at least to those of the proper
convexity?

The answer is no. As yet no one has devised such a formula,
and the following mathematical reasoning shows why no one ever
can, even if we permit more general functions than simple value
sums. Any such general formula will from the nature of the
problem be a function of quantities and prices in one or more
(usually two) situations. Without loss of generality we may con-
sider the prices and quantities of all but one of the situations as
fixed, while the one situation represents an arbitrary variable point.
In terms of its prices and quantities, (P, X), we must be able to
construct a single-valued function Q, which is constant so long
as the X points remain on the same indifference curve of the
(unknown) preference field. Because this is to be a quantity index,
it is clear that relative prices only can be important, and so we may
express all prices in terms of the first good as numeraire. Then Q
may be written as

P! Pn )
=0 y Py Ky Ty Ty T ) 76
Q (xa oy > (76)
For observable equilibrium quantities the ratios of prices are equal
to marginal rates of substitution (!R?, ---,'R"), or to ratios of

marginal utilities (U,/U,, - - -, U./U,). Although the form of the
relationship will change from preference field to preference field,
and is in any case unknown to us, there will still nevertheless in
each specific instance be a functional relationship between these
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ratios and quantities of goods. Therefore Q will be a uniquely
determined function of the x's alone. In fact, since Q is constant
along an indifference curve, it must itself be one cardinal index of
utility; its partial derivatives with respect to each commodity
(computed by adding to the direct effect of each x on Q all indirect
effects via influence on price changes) can be interpreted as marginal
utilities, whose ratios are equal to observable price ratios, etc.

In consequence of this last fact, equation (76) can be written
in the form

8Q /aQ aQ /94Q _
G(x,,---,x,.,a—xl 2 5?,.)‘Q=0' a7

This identity is a first order partial differential equation which the
preference field must satisfy, and only a limited small subset of all
preference fields will do so. Consequently we have proved the
impossibility of finding a magic formula to serve as a quantity indi-
cator in the general case of a consistent ordinal preference field.

In actual fact it is customary to restrict the form of a quantity
index still further, to require that it be a homogeneous function of
the first order in the component quantities, etc. This restricts the
range of applicability still further, to preference fields possessing
expenditure proportionality, etc.

For any particular 8 it may be a problem of some mathematical
difficulty to determine the exact restriction on the preference field.
But where 6 represents the Laspeyre quantity index, thought of as
a function of the quantity components of the second point, with
base point fixed, it will be immediately seen that the only possible
preference field for which it is exact is that of a family of parallel
straight line indifference curves. Of course, this is almost a re-
ducto ad absurdum, since convexity is denied, and since all relative
prices (of goods which are bought) cannot vary.

The “‘ideal index number” is one of the most popular index
numbers. It is the geometric mean between Laspeyre’s and
Paasche’s index numbers. A. Konus and S. Buscheguennce,*® as
well as S. Alexander (in an unpublished Harvard paper), have
shown that it is exact only for certain hyperbolic indifference
curves. This theorem may be derived by solving explicitly the

 See the reference in H. Schultz, “A Misunderstanding in Index-Number Theory,"
Econometrica, V11 (1939), 8.
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implied differential equation. Similar results can be derived for
other “approximate’ formulae which have been suggested.

As a result of the analysis of this section, the conclusion may
be ventured that the important economic content of index number
theory resides in the fact that it attempts to utilize limited price
and quantity data to infer ordinal preference comparisons. The
above formulation seems best designed to reveal this essential con-
tent, and to show the intrinsic limitations necessarily involved.
In the next section the same analysis is shown to be useful i
connection with the more commonly met formulation of the mdex\
number problem.

\

PRESENT FORMULATIONS OF INDEX NUMBERS

We are now in a position to apply our tools of analysis to the
more familiar branch of index numbers. First, we consider price
of living comparisons between two different price situations. The
price of living index number in going from the situation (X°) to
(X?) is familiarly defined as the ratio of the cost of the cheapest
bundle of goods at the prices of the second situation which will
yield satisfaction equivalent to that of the initial situation, to the
cost of the initial bundle at the initial prices.

We assume as known (say from empirical studies on “‘identical”’
individuals with varying incomes) the price expansion paths in two
price situations, (P¢) and (P*). These are defined by the following
sets of parametric equations:

X = hi(play ] p”a, I), (i = 11 ] 71) (78)
X = hi(plby Sty Pnb’ I)- (7: = 11 ] n) (79)
Consider an initial situation (X*) on the initial expansion path.

The indifference locus corresponding to this point will intersect
the second expansion path in a point called (X*) such that

U(X®) = U(X?). (80)
An index number of the price of living is defined as follows:
T PO X
a =l L
N I > Poxe (81)
Similarly,
r EEXT (82)

Y Pt
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where
U(Xt) = U(XY), (83)

and (X*) lies on the “initial” expansion path.

These respective index numbers are not rigidly related; in
general they are 7ot reciprocals. Since we do not know the hypo-
thetical preference field, (X“) is not known, and so our index
number cannot be computed.

However, from the considerations indicated above we know
that all of the points on the expansion path (b) fall into three
classes with respect to (X¢):

. (X)Q (X9 2 PX =3 PXe (84)
2. (XL (X) > PXe = ¥ PX (85)
3. X))@ X7 X PX > 3 PeXe (86)

(X*) @ (X) ¥ PtXs > T PbX.

In particular, consider the equality signs in (84) and (85) and we
get the boundary points defined by the intersection of

Y PX = Y PtXe (87)
and
X, = h:(Plhy Tt Pnb. I) (1' = 1' n) (88)
Call this point (*X*).
Consider the intersection of

Y PX = Y PeXe (89)
and
Xi = h|(?!b1 Y Puba I)' (z =1, n) (90)
Call it (*X°). By definition
(lXah) @ (Xu) @ (uXah). ) (91)
Hence,
U(X) < U(X°) < U(*X), (92)
or
U(X®) < U(X*) < UX»). (93)

Since along an expansion path the cost of a batch of goods and its
“utility” are monotonically related, we have ~

L PriIX® < ¥ PhX < F PEuXch, (94)
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Hence, dividing by the appropriate factor (if it does not vanish),
we have

z: Pb IXub z PbXab Z Pb uXab

> Pexe S S Poxs <% pexe ©5)
or
Z Pb lXa’b Z Pb u.Xub
Z PaXa < Iub < Z PaXa (96)

These are valid double limits for our index number computable
under our specified assumptions. More directly from the deﬁni?\
tion of (*X*), we have

Y PrXe = 3 PbXe, 97)

Hence, our double limits are
Z Pb anb PbXa
e <I*< Epixe 98)
By symmetry we have
Pa lea z Pqu
ZZ PbXe <I*< ‘2 PbX® (99)

where (‘X*%) is symmetrically defined with respect to (‘X*).
Again, these four limits are not rigidly related, no pair being neces-
sarily reciprocals. Furthermore, it follows from the analysis of
the earlier sections that these are the best possible double limits
under our hypothesis, and will never converge to equality for
convex indifference curves.

It is clear that the two upper limits are determinable from price
and quantity figures alone. The points (*X*) and (*X**), however,
can be computed only if certain subsections of the respective ex-
pansion paths are empirically known. Dropping.this assumption,
we may ask the question as to what lower limits can be computed
from price and quantity figures alone. This being a more difficult
problem, the answer will in general be less satisfactory.

Recall that (*X%) was the intersection of the budget plane of
(X*) with the expansion path of the second price situation. Since
we do not know the expansion path, we cannot compute (‘X*).
But if we restrict ourselves to positive quantities, it is always
possible to find a point on the budget plane whose cost is less than
(*X*), and which must a fortiori be a lower limit. Such a point is
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t_hat. point on the budget plane whose cost at the prices (P*)
furnishes a minimum with respect to all points on the budget plane.
Let us designate this point (*X*). It may be derived by

minimizing
F =3 pdx, (100)
1
subject to

Y poxi = 3 poxo. (101)

This is a constrained minimum problem, and, since the equations
are linear, the minimum is a restricted or boundary one, derived
from the fact that no negative quantities are admissible. Ac-
tually, it is easily verified that the minimum quantity (*X#) is

0,0, ---,*xpn®, ---,0,0) where x» is the good whose price ratio
between the two situations is lowest, i.e., ,
pmb < Pl'b
— 5. 1
oSt (102)
(*X**) is easily computed since
g = 22X, (103)

Hence this lower limit developed by Mr. Lerner is as follows:
L PX®  pn’ L PoXe b

T PXe T pat T PoXe T pas (104)
By symmetry, p:¢/p2 is a lower limit for I*, where
br =2 (105)

In particular cases other lower limits are possible. It is possible
that our actually observed situation (X®) is such that

(X*) (X9, (106)

YT PoX? = ¥ PeXe. (107)
Recalling the definition of (*X*), obviously
Y PeXt = 3 PeiXe

ie.,
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and (108)
T PXP < 3 PbiXeb,

and so in this case we have a lower limit as follows:

bYd
%;é., < I (109)
Note that this holds only if (106) is realized. On the other ham*
given
(X9 © (xV), (110)
we have \
PeXe
%P”X" < Jte, (111)

Except in the coincidental case where the equality sign holds, these
limits will be worse than those deducible from the whole expansion
path. They may be better or worse than the Lerner limits given
in (104) depending upon the case selected. Note that it is im-

possible for
(X*) & (X

(X*) © (X2).

Hence it is not possible to derive lower limits to both indexes
simultaneously. In fact, given

(X*) @ (X*)
(X°) @ (X*),

it is impossible to compute either lower limit in this manner.

If we widen our assumptions as to initial information, still other
limits are possible. Knowledge of a third point may be utilized
by the methods of the previous section; as may also knowledge of
any intermediate expansion paths. In fact, in the limit as all inter-
mediate expansion paths are known, i.e., as we know the functions

xi=h"(P1."':PmI)- (i=lr"'on)

the indifference map itself may be solved for implicitly.?®
It is possible to develop similar relationships between usual
quantity indexes. Let us define our quantity index from the ath

] do not discuss the effect of imposing the assumption of monotonic expansion
paths, since there is no reason to rule out “inferior” goods.

simultaneously with

and
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situation to the sth as follows:

o» IPX ZPX TPX I (t12)
Z PbXab 2 PaXa z PbXGb Iach

i.e., this index is the ratio between the actual cost of the batch
(X?®) to the cost of the cheapest bundle at (P*) prices which would
yield an equivalent satisfaction to that of (X¢).
Similarly,
PsXe Ie
o= %P’X"“ = T (113)

Obviously, if one situation is preferred to the other, the index
number between them will be less than one, i.e.,

U(X®) < U(X®) implies Q% < 1, (114)
and conversely. Likewise
U(X°) < U(X*) implies Q¢ > 1. (115)
Hence,
Q* > 1 implies Q** < 1, (116)
and
Q* > 1 implies Q* < 1. (117)
More generally,
Q% = 1 implies Q% = 1, (118)
where the inequalities are to be taken in the indicated order.
However,
0 # o= (119)

except under special circumstances. The above relations are
consequences of the concavity of the indifference loci.

Of course in the absence of knowledge of the preference field,
it is impossible to compute these index numbers, since we do not
know (X%) and (X®). From the last section we know that

T PhrXet = S PPIX® < 3 PX® < Y PreX® (120)

Hence,

b pXe X
zzpaxxa = zzpb ixu > Q"b > ZZP‘ u X ob ' (121)
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or
prxe prxe pr Xt
22 PEaxes = 'Z'_Z_pb"iX"ao' > Q> -—_‘E Prxe (122)

As before, (*X**) can be computed only if we know the expansion
paths. From (103) we find

Y PX®  pnt Y POX?

T POX® T p8 Y PXC (123)
Therefore,
\
m® 3 PPX® prxh pxc . '
’ij. % Poxe = ZEP" X > Q> —g—ﬁ' = “Paasche’”. (124)
Similarly,
pP Y PeXe ¥ PeXe 3 PeXe 1

;l—d S, PPXb =3 Poixbe > QM > S PeX® =“'Laspeyres’.’,

As before, if we have

(X’) © (X°),
(X © (X*),

still other limits are possible.

Now it is only in the case where the ‘“Paasche’ index is greater
than one or the “Laspeyres’’ index is less than one that it is possible
to say which of the situations is better. But, and this is what makes
this whole branch of theory a sterile exercise, it is always possible to
determine this fact without any limits or without even introducing
such index numbers. For our question is always answered, when
it can be answered, by the previous analysis of ‘‘revealed’ prefer-
ence, and the introduction of quantity and price indexes is indirect,
unnecessary, and misleading. It is indirect and unnecessary be-
cause it is a deduction from the previous simpler analysis. It is
misleading because of the tendency to attach significance to the
numerical value of the index computed.?® There is not a single
valid general theorem in the present field of index numbers which
is not deducible from the analysis of the previous section.

Of course, in the case of expenditure proportionality, certain new
invariances do emerge. (1) It is always possible to derive double

¥ See the penetrating remarks of W. Leontief, “Composite Commodities and the
Problem of Index Numbers,” Ecomometrica, vol. IV (1936).

or
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limits; (2) The respective index numbers are reciprocals, i.e.,
Q¥Q® =1 = I®Jte, (125)

One last serious drawback to the present formulations of index
number theory rests in the fact that these are expressed as ratios.
If we admit productive factors as negative commodities, and for
many purposes this greatly enlarges the generality of our analysis,
denominators may vanish or change sign. Since all we wish is an
algebraic comparison between value sums, it is unnecessary and
undesirable to work with ratios. Instead the methods of the
previous section are preferable.

PurE THEORY OF CHOICE UNDER RATIONING

Thus far in this chapter we have discussed the effects of general
transformations of our dependent and independent wvariables.
This led naturally into a study of composite commodities and of
index numbers. At this point there is also suggested the interesting
and important related problem of placing constraints upon the
consumer in addition to that imposed by fixed total income. Of
course, rationing involves such constraints.

The simplest kind of rationing is that in which the government
specifies the maximum amount of a particular commodity that each
individual can consume. Sugar provides a common example, being
relatively homogeneous and universally in demand. Ordinarily in
rationing the individual is subjected to an inequality. He must
not consume more than a given amount, but he need not consume
as much as that amount. Of course, if the rationing is to be of
any use, it will be applied to situations in which for many indi-
viduals the allotted amount will actually be bought. Otherwise
the law has no teeth, and individual behavior is left unchanged.

The single individual maximizes ordinal utility as before except
that he is now subjected to additional constraints of the form

x; = b, x; = b, (126)
where the commodities %, j, - -+ are given maximum individual
quotas of respective amounts per unit time, b;, b;, ---. To present

the conditions of equilibrium in these circumstances we must dis-
tinguish carefully between various possible cases. The simplest is
that in which the rationing quotas are so small that each is effective.
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In‘this case, the equality signs will hold in the above equation.
Here we lose as many degrees of freedom as there are commodities
effectively rationed. In terms of the remaining commodities our
conditions of equilibrium are just as before since each partial
differentiation assumed other commodities constant. However,
overall consistency is maintained by the fact that we write down
partial derivative conditions only for those commodities which ar
not frozen at given levels. Thus, for each equation added in (126
we drop one equation of the form

pi + Mpi = 0, (127)\

replacing the equality sign by the inequality ‘‘greater than.” For
only with respect to goods whose amounts can be voluntarily
augmented will the marginal utility of their last dollar of expendi-
ture be equated to the marginal utility of expenditure in all other
lines. Goods which are arbitrarily limited at some quota have a
marginal utility of expenditure which may and ordinarily will
exceed that of the non-rationed goods.

So far, we have been discussing the case where all quotas are
effective. If any particular one is not effective, then the inequality
rather than the equality sign is relevant, and we may disregard
completely the fact that it is rationed and treat it exactly as we
would an unrationed commodity.

So much for the theory of single commodity rationing, a theory
which is elementary and intuitively obvious. Before leaving it,
however, one final point should be noted. The above analysis
would suggest that the authorities could independently ration
(n — 1) commodities but not all . For if all commodities but one
are rationed, the amount of the last would seem to be effectively
frozen by the budget equation, and therefore would not be subject
to the control of the government. Actually, this is not the case.
The budget equation itself is not, strictly speaking, an equality.
It gives the maximum that total expenditure can attain, not the
amount it must attain. The authorities can ration all » com-
modities even if this means that the individual cannot spend all
his income.

However, this raiscs a problem of terminology. Cannot money
itself be counted as a commodity? Secondly, when we speak of
total cxpenditure, do we include as one of its components ‘“‘saving’’
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in the sense of expenditure on future goods? Upon reflection I
think the reader will conclude that this is primarily a verbal prob-
lem, much aggravated by the customary loose and ambiguous usage
of the concepts of “‘money” and numeraire.

Various conventions are open to us, any of which is satisfactory
provided that it is adhered to consistently. We may include
among our commodities goods of different periods of time, and we
may assume certain expectations with respect to future prices.
For the present purpose it is simpler to assume that total expendi-
ture upon present commodities can differ from present income by
the algebraic amount of saving without going into the problem of
the form (cash, securities, ctc.) that these savings take. If saving
is determined by the usual preference calculus, certain implicit as-
sumptions are made with respect to future incomes, prices, ordinal
rates of time preference, etc.

If it wishes to, a powerful government can arbitrarily limit the
consumption of all present goods, and at the same time permit only
an arbitrarily small amount of the surplus of income to be carried
over for future uses. Ordinarily, in conncction with a rationing
program the State does not so limit saving, relying instead upon
a personal tax program to bring about this desired result. Further
discussion of this point may therefore be deferred.

Single commodity rationing has certain shortcomings which
give rise to a demand for some form of “‘point-rationing.” Insteadl
of limiting the amount of a single commodity, the individual is
limited to a weighted sum of a number of commodities, the point-
prices providing the relative weights. But such a weighted sum
represents nothing more than a single commodity in a new trans-
formed set of variables. It is for this rcason that the general
theory of rationing belongs in the present chapter on transforma-
tions and composite commodities.

It would lead us into the ficld of welfare cconomics if we were
to discuss the criteria used in classifying commodities into groups
and the determination of their point values. Suffice it to say that
administrative considerations, criterid of substitutability on the
consumption and production sides, all contribute to the decision
as to which commodities shall fall in the same group, what the
relative values of each shall be, how many groups there shall be, etc.
Moreover, although this is not strictly necessary, cach commodity
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is usually restricted to but one group so as to obviate the necessity
of handling many kinds of tokens or stamps in making a given
purchase.

In addition then to the dollar prices, (p1, - - -, p.), and money
income, I, each consumer is confrontcd with 7 classes of point
prices, (Pl’, Tty pul)v (Pl”, ) Pn”): ) (plrr ) Pnr)v and fixed
totals of expendable points per unit time, (I’, I", ---, I'). Each
of the sets of point prices will have zeros for most commodities, a%i
for a given commodity all but one point price will usually be zera.

This being the case, the consumer will maximize U(x,, -- -, x,.}
subject to the generalized budgetary constraints

? pix; =1, T pilx; =T, XEN X pix, =I'. (128)
1 1

For the moment the matrix [p;*] will be assumed to be of rank
(r+1). There will result optimal amounts of cach good for each
specified complete set of point-prices and cxpenditure allotment.
We may summarize this result by writing down the generalized
demand schedule for each good, written as a function of all prices
and points and all total incomes or expenditures. Thus,

xX; = hi(?l' . .ypﬂ;Pl'l ...’Pn’; ...;Pl"' ...'pn";I' I” ...’I")_
G=1,---,m) (129)

It is the purpose of the regulating authorities so to determine point
prices and allotments as to result in “cquitable’ inter-individual
amounts of consumption, appropriate total output, at appropriate
dollar prices. In addition to such policy matters, the economist is
interested in the purely positive problem of determining the prop-
erties of these demand functions implied by the ordinal maximiza-
tion process.

For this purpose we must examine the maximum conditions of
cquilibrium. By the usual Lagrangean multiplier technique the
first order conditions are easily seen to be

Ui +>\P1 + k’pi' + et + )\'Pi' = Op (1: = 1, - 'y"’) (130)

provided that all of the group allotments are “effective’” as indi-
cated by the presence of the equality signs in (128). If any par-
ticular group allotment is ineffective for the individual in question,
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its Lagrangean multiplier may be set equal to zero in the above
equations.

In words: the consumer will purchase each good up to the point
where its marginal utility is equal to a weighted average of its
various dollar and point prices, the weights being the marginal
utilities of the last dollar or group ration coupons.®

For a regular maximum our necessary and sufficient secondary
conditions are contained in the statement that the Hessian of the
utility function must represent the matrix of a quadratic form
which is negative definite under the (r 4+ 1) linear constraints.
This is equivalent to certain conditions on the matrix formed by
bordering the Hessian with the matrix of the constraints, the
transpose of the latter, and zeros. If we strike out rows and
columns corresponding to each of (# — 7 4 1) commodities in
turn, the resulting (» — » 4+ 1) principal minors must oscillate in

sign, the smallest one being ncgative, the next positive, etc.
Thus let

. G, j=1,--,m)
=[U7 Pd] (ks =0, 1) (131)
b, (m=m—-r+1), n
Then
(- DHrA, > 0. (132)

As throughout this book, the fundamental observationally
meaningful restrictions on observable prices and quantities emerge
as consequences of these secondary extremum conditions. In this
case such implications can most simply be stated after the concept
of a compensated price change has been suitably generalized. At
least since the time of Slutsky it has been customary to deal with
a compound change in price and income, where the latter is varied
along with the former so as to leave the individual on the same
indifference curve.

When rationing enters the picture so that we have auxiliary
constraints, the problem is made more complex. An increase in a

% This seems to have been pointed out in print for the first time by T. Scitovsky,
“The Political Economy of Consumers’ Rationing,” Review of Economic Statistics, XXIV
(1942), 114-124. Other theoretical aspects of rationing are discussed in H. P. Neisser,
“Theoretical Aspects of Rationing,” Quarterly Journal of Ecomomics, LVII (1943),

378-397. Also see N. Kalecki, “General Rationing,” Oxford Bulletin of Statistics, vol.
I (1941),
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given price, or in a given point price, will make the individual
worse ofl. But he can be compensated for this in many different
ways—by a change in money income, by a change in his point
allotments of the same or of a different group, or by any combina-
tion of these. It is most useful for the present purpose to consider
that special compensated change in the dollar or point price of a
commodity in which the individual is kept just as well off as before
by means of a simultaneous change in the same total expenditzt
allotment (dollar or particular group point allotment). Let t}
change in the 7th good resulting from a change in the kth grout
point price of the jth good when compensated as above be wnttet\
in the form (9x:/8$;*)comp.. Then regarded as an » by n matrix,
with & a fixed number, this must be negative semi-definite of rank
(n — r + 1). Thus, the compensated change in a good with re-
spect to one of its own point prices must always be negative; in
addition, we have inequalities on certain cross product and inter-
action terms. These are expressed completely by the statement
that the smallest naturally ordered principal minor of the above
matrix must be negative, the next positive, etc., and finally the
(n — r + 2)th and all higher principal minors must vanish. The
last part of this statement is equivalent to the obvious proposition
that the demand functions are homogeneous of order zero in each
set of point prices and expenditure.

If one wishes, off diagonal terms may be interpreted as general-
ized complementarity coefficients, and it may be left as an exercise
to the reader to show that these obey the usual symmetry rules.
In fact, the reader may easily show that the matrix of compensa-
tion terms is nothing more than the northwest partition of the
inverse of the A, matrix, after this submatrix has been premultiplied
by the scalar (— A¥)3?

The interested reader may also develop for himself the general-
ized Le Chatelier-Braun principle introduced in chapter iii. In
words, its economic significance may be summarized as follows: if
in a given position of equilibrium a (compensated) change in price
is made, the resulting change in amount demanded of that good
will be greater if the individual is not subjected to the extra con-
straints of rationing than if he is subjected to such constraints;

# See chap. v, p. 103. Also see p. 378.
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furthermore, the introduction of each new constraint will make
demand still more inelastic.

The tendency for demand to become inelastic under rationing
has a number of important implications for policy. In particular,
it helps to explain why in a system which has already been subjected
to numerous direct controls, fiscal measures aimed at sopping up
superfluous income have effects which are of only secondary impor-
tance. To explore this further would involve us in considerations
of effective demand outside the scope of the present discussion.

Most economists will not be interested in the somewhat arti-
ficial compensated change in point-price, but rather in the ordinary
ceteris paribus change, in which other point-prices and expenditure
are kept constant. It is easy to show by explicit differentiation
of the equilibrium conditions, as well as from general considerations,

that this may be split up into two parts: the compensated change
and the income effect. Thus,

(0%:/3p*)cet. par. = (9%i/0D*)comp. — x;(8x;/0I%).  (133)

Except for (‘‘generalized’’) inferior consumption goods, the second
term will be positive; consequently, a change in a good resulting
from an increase in its point price must be negative in all normal
cases. But if we have generalized inferiority, we may (but need
not) have a generalized Giffen’s paradox, in which raising the
point-price of a commodity causes more of it to be bought.

Our discussion of rationing may be brought to a close with a
few comments on the special mathematical features which dis-
tinguish it from the general analytic case of any linear constraints.
First, it is almost universally the custom to make all point prices
positive, even though one could in theory imagine a case in which
there were negative prices. (For example, ration tickets might be
given to a consumer who will take certain redundant staples, etc.)

Second, the authorities often set ration point-prices proportional
to dollar prices. A special case of this is provided by dollar ex-
penditure control on various commodities or groups of commodi-
ties. An even more special case is that of over-all expenditure
control, in which the individual is given a quota of dollar expendi-
ture, ordinarily less in amount than his disposable income. If
savings are nof treated as one of the # commodities, this is equiva-
lent to introducing linear constraints whose rank is less than
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(r + 1); consequently the equations of (128) are inconsistent if
equality signs are used. We must then have recourse to inequali-
ties; of course, in this case the dollar budget equation must be
relaxed in favor of the new quota allotment.?® In rare cases where
ration tickets or quotas are over-generous, the auxiliary constraint
will become an inequality and the rationing will be ineffective.

A different mathematical problem arises if the consumer q’én
pay for a commodity by giving up a certain number of ratibn
stamps of one kind or by giving up some of another. Dependixg
upon the relative prices and scarcities of the different stamps, he
will ordinarily choose to spend one rather than the other in a
fashion reminiscent of Gresham'’s Law. If he has similar options
with respect to many commoditics but at different relative ratios,
he will spend a given kind of stamp on those commodities in which
it is relatively advantageous in a manner formally identical with
the classical theory of comparative advantage as applied to the
determination of which of many commoditics will be exported and
which will be imported.

The above case merges into that in which the different kinds
of stamps can be converted into each other at rates determined on
a black or white market, or by the government. Unless the
government were explicitly to ban such transactions, there would
inevitably arise trade in the different ration groups and money.
Arbitrage would create ruling market ratios of exchange which any
individual as a small consumer could not appreciably affect. Once
the individual is confronted with given rates at which he can buy
or sell each type of ration points, the problem is no longer one of

3 Since in practice a commodity is not given more than one ration point price,
“degeneracy’’ cannot arise in any other way. If the authorities should require multiple
point prices for a given commodity, unless care is taken the consumer may be put into
the position of not being able to spend all his points. This difficulty may arise in two
different ways: through true degeneracy and inconsistency in the auxiliary constraints,
or from the fact that the admissible solutions of the linear equations do not yield positive
amounts of all commodities. When this is the case, the first order conditions of equi-
librium given in (130) are modified, but not as before by setting certain of the Lagrangean
multipliers equal to zero, but rather by replacing certain equality signs by greater than
signs, Any commodity which is #of bought will have a marginal utility less than the
above specified weighted average of point prices. The problems raised in this footnote
are similar to those discussed by Schlesinger, Wald, v. Neuman, Neisser, and v. Stackelberg
in connection with the consistency and independence of the equations of the Walrasian
theoty of production in its simplest constant coefficient form.
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many auxiliary constraints. Thus, if orange stamps can be bought
or sold for five cents apiece, and if a commodity costs twenty-five
cents and two orange stamps, it can simply be regarded as a com-
modity which costs thirty-five cents. The consumer simply reverts
back to the standard type of budget equation, modified only by
the fact that his money income may be increased or decreased by
the need to buy or sell ration points; or, what is simply another
way of saying the same thing, the individual has higher income and
is confronted by a new higher set of prices. If the dollar values
of the first, second, - - -, and rth ration points are (%', %", -- -, b"),
the new budget equation becomes

; (ps + TP )x; =T 4+ T b1 (134)

Actually, from a welfare point of view it can be shown that the
free interchange of different kinds of stamps, among themselves
and against money, is in a certain sense optimal. In fact, it is an
indirect way of permitting individuals to exchange goods so long as
the exchange is mutually advantageous. These last two sentences
must be qualified. They must not be taken to mean that every
individual will be better off if coupons or goods can be interchanged.
Thus, if the rich buy redundant ration coupons from the poor to
the mutual advantage of both, their expenditure by the rich will
cause an increase in the point price of the scarce rationed goods in
question to the disadvantage of the middle classes.

Nevertheless, it can be shown that free interchange is optimal
in the sense that its introduction accompanied by appropriate
modifications in the point allocations to every individual could
lead to an improvement for everybody. In the above example,
the middle classes could be bribed into acquiescence, and there
would still be a margin of advantage left for rich and poor. I do
not imply by this that the middle classes should receive such a bribe
since that would suggest a belicf in the perfection of the previous
status quo. Nor should it be thought that anything said here is an
argument for making coupons interchangeable, since there might
very well be in actual fact very grave difficulties in the way of
devising a method of point allocation which would recognize the
harm done to particular individuals.



CHAPTER VII

SOME SPECIAL ASPECTS OF THE THEORY OF
CONSUMER'’S BEHAVIOR

r
CHAPTER V.exhausts the content of utility analysis in its mr%t
general form, involving only an ordinal preference field. Thete
remains in the literature a great number of discussions of particulé;
problems which involve special and extra assumptions. In order
to present a fairly complete account of the present status of the
theory I propose to examine some of these carefully to show their
empirical meaning. This involves a break in the unity of exposi-
tion since each special assumption has often been made independ-
ently of all others. “There is no choice but to go through the list
with no regard for continuity. YAmong the topics to be discussed
will be the cardinal mecasure of utility, independence of utilities
and measures of complementarity, and constancy of the marginal
utility of money.

It is clear that every assumption cither places restrictions upon
our empirical data or is meaningless. A price must be paid for
any simplifications introduced into our basic hypotheses. This
price is the limiting of the field of applicability and relevance of
the theory becausc of the extra empirical restrictions to be im-
posed on the data. Many writers do not appear to be aware of
this; in any case few have indicated the costliness of their assump-
tions or have adduced any evidence to support a presumption of
their admissibility.

There is a further serious difficulty. Despite the fact that
developments in this field are not recent, and that mathematical
methods of exposition have been employed, ambiguity still per-
meates the contentions of many writers. This ambiguity can go
unnoticed precisely because there has been so little interest in the
operational significance of these assumptions. To put the matter
somewhat harshly, ambiguously defined assumptions are used to
give a semblance of deriving theorems which are themselves
inconclusive,

172
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A recurring source of difficulty in this connection which goes
back as far as Marshall is the practice of introducing certain mathe-
matical relations as alleged ‘“‘approximations.”” These are pre-
sented as being valid in the neighborhood of a point of equilibrium.
Even if such a relationship be admissible (as in the case of Taylor's
expansion), precisely because it can be applied to any and all
properly continuous functions it is devoid of meaningful sig-
nificance. Moreover, in common usage the restrictions which are
introduced as allegedly holding only for a restricted neighborhood
of equilibrium are in fact used to deduce results which follow only
from an entirely different interpretation of these assumptions.
We shall have occasion to enter more deeply into these matters at
later points in the discussion.

THE CARDINAL MEASURE OF UTILITY

We have seen from chapter v that all empirical market behavior
is independent of the choice of a particular index of utility, or
indeed of the choice of any measure of utility at all.! Nevertheless,
many writers have wished to introduce the concept of a cardinal
measure of utility, unique except for constants of scale and origin.

Lange,? Fisher,® and others have contended that measurable
utility, while superfluous from the standpoint of positivistic be-
havioristic description, is necessary for the purpose of a normative
science of welfare economics. ‘

While I cannot consider this problem in detail, it is well to point
out that this is not at all necessary. Assuming that Welfare Eco-
nomics involves comparisons between individuals, it is sufficient
that explicit welfare judgments be made such that we are able to
relate ordimally all possible combinations of goods and services
consumed by each and every individual. Nothing at all is gained
by the selection of individual cardinal measures of utility.*

1 Some writers have partially recognized this fact, but still maintain that the avoid-
ance of the use of utility is a *‘stunt,” an axiomatic experiment by means of which we
make our way more difficult. From the present operational orientation this view is
clearly superficial.

t Oscar Lange, ‘“The Determinateness of the Utility Function,” Review of Economic
Studies, 1 (1934), 218-225. R

3 Irving Fisher, ‘A Statistical Method for Measuring ‘Marginal Utility’ and Testing
the Justice of a Progressive Income Tax," in Economsc Essays sn Honor of Jokn Bates
Clark (New York, 1927).

* Of course, if one considers general welfare as the algebraic sum of individual cardinal
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In any case it is clear that there are an infinity of ways of select-
ing a particular utility index and defining it as the truc cardinal
measure of utility. Thus, one might draw a straight line from
the origin through a point representing an arbitrary bundle of
goods and services. The numerical distance of any point on this
line from the origin could serve as an index of utility, and might
be dignified with a unique title. ‘,

THE ASSUMPTION OF INDEPENDENT UTILITIES

A method of selection such as that outlined above is obviously
arbitrary. Others are more subtle, but equally arbitrary. Pro-
fessors Fisher ® and Frisch,® employing only price and quantity
data, have measured what is alleged to be marginal and total
utilities and how these magnitudes vary with changes in income,
quantities, etc. Although the exact technique differs between
these two writers, the fundamental principle remains the same.
This can be illustrated with reference to a simplified case where
only two consumption goods are involved.

Given a great number of observations on prices, quantities, and
total income, one could in the limit more or less trace out the whole
indifference map. We should still, however, have. said nothing
about the numbering of the one-parameter family of indifference
loci so traced out. Both Professors Frisch and Fisher employ the
following definition for selecting out a particular utility index to
be designated the ‘‘true’” measure of utility, subject to origin and
scale constants. That utility index, if it exists, is to be selected
which can be written in the form

¢ = f(x) +g0(); (1)
i.e., for which )
%y
axdy 0. )

utilities, then one will require the cardinal measurability of utility. But such an assump-
tion is arbitrary and gratuitous. Cf. A. Burk (Bergson), A Reformulation of Certain
Aspects of Welfare Economics,” Quarterly Journal of Economics, vol. L11, no. 2, Febru-
ary, 1938, pp. 310-334.

8 Fisher, op. cit.

¢ R. Frisch, “New Methods of Measuring Marginal Utility,"” Beitrige sur dkono-
mischen Theorie, no. 3 (Tiibingen, 1932); H. Schultz, The Theory and Measurement of
Demand, pp. 111-117.
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If there exists one index of utility which can be written in the
form of equation (1), then any other index which obeys the same

law must differ from it only by a linear transformation. For,
consider another index

F = F(o), €)]
for which

a?tF

dxdy = 0. (4)

Successively differentiating (3) partially with respect to x and y,
we get

62F ’ 44
&6_3-’ =Feo,. + F PzPy. (5)
This, together with (2), requires that
Flez0y = 0, (6)
or
F'(¢) = 0. (7)
Therefore,
F = a + be, (8)

where @ and b are origin and scale constants respectively.

It is clear, therefore, that the assumption that utilities shall be
“independent’’ will help to select one utility index as the cardinal
measure of utility. Nevertheless, even this convention is not in
general applicable. It will guarantee us that we do not have two
different utility scales, as has been shown in the above proof; it
will not, in general, provide us with even one scale.

If we assume an indifference field obeying the ordinary con-
cavity restrictions and nothing more, then there will not, in general,
be even one utility index which can be written in the form

e = f(x) + g,
oy = 0.

9)
Let us write out one legitimate utility index.
I = H(x, y). (10)

Does there exist a transformation F such that

¢ = F[H(x,y)] = f(x) +g(»)? (11
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The answer in general must be in the negative. Further arbitrary
restrictions must first be placed upon the indifference field.

Let the indifference field be defined in the following form, inde-
pendent of any utility concept:

(:Z)a-mm = R(x, y), (12)

where R is a function of x and y obeying the following curvature

requirements
R, —RR<O. (13)
\

The necessary and sufficient condition that there exist a utility
index which can be written in the form

e = f(x) + g»),
0, =0
is as follows:
RR,, — R.R, =0, (14)
or
9% log R

axdy = 0. (15)

The necessity is verified by the differentiation of

ren -2

The sufficiency is also easily indicated.
If
d%log R
dxdy

=0,
log R = log h(x) — log k(y) = log kg g (17)
where k and k are arbitrary functions. Form the expression

Rdx+dy-k( ;dx-i-d (18)

This can easily be transformed into the exact differential
de = h(x)dx + k(y)dy, (19)
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or

o= f h(x)dx + j;v k(y)dy 4+ constant
= f@) + g)- (20)

We must now investigate the meaning of the restriction in (14).
The assumption of independence of utilities in order to define a
cardinal measure of utility is seen to involve (1) a convention by
means of which one out of an infinity of possible utility scales is
designated as the true cardinal measure of utility; (2) an arbitrary
a priori restriction upon the preference field, and hence upon em-
pirical price-quantity behavior. The meaning of this restriction
we must now investigate.

The functional restriction (14) is a partial differential equation
of the second order of the general form

M(R, R., R, R::, Ry, Rz, x,y) = 0. (21)

Subject to boundary conditions involving two arbitrary functions,
it will serve to define a unique solution function

R = R(x, ). (22)

More specifically, if we are given as empirical observational data
the two expenditure paths corresponding to the changes in quan-
tities with income in each of two respective price situations, then
from these observations, and these alone, the whole field of in-
difference curves can be determined by suitable extrapolation.

It is not easy to visualize intuitively why this should be so;
indeed, few economists would be so bold as to claim that the be-
havior of an individual in all conceivable circumstances should be
derivable from so few observations. And yet this is the conclusion
to which we are forced by the apparently innocuous assumption of
independence of utilities.

Moreover, (14) places definite restrictions on our demand func-
tions, the validity of which are equally dubious and equally im-
possible to comprehend intuitively. For the simple two-commodity
case our conditions of demand equilibrium can be written

P: _ Rz, y), (23)

I=P:x+va‘
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These may be transformed into

r. 1)
x=m Py’Py ’

_ (&i
y=mn ?,'P.)

These demand equations niust be subject to the restriction

(24)

f
\
Q

92 log }P—;—’
v \5)

9xdy =0.

When there are more than two goods, the restrictions implied
by the very possibility of an independent index of utility take on
a different and more complicated form. If there exists an index F
for which

F; =0, (z # 7) (26)
then
F;=F(e)e,; + F'(9)ep; =0, (27)
where ¢ is any other index. Thus,
Pj — . .
Pi0; T(¢), (z # j7) (28)

where T is an arbitrary function, and ¢ is any index of utility.
Taking into account the (n — 1)(n — 2)/2 conditions of integra-
bility, this implies an additional #(z — 1)/2 conditions. It is to
be noted that these are identities, holding everywhere. Not only
are they necessary, but the transformation

= [ erromgy (29)

shows them to be sufficient as well.
In terms of the indifference varieties these take still another
form. Let

y == d—x) = ‘Rj(xll Sty xn)' (30)

W = 'R, ("vjvk = 1: ) ”) (31)
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If an independent index of utility is possible, then we must have

3 iR . .
o =0 U=k (32)

In view of the #n? relations of (31), the above n(n — 1)? relations

are not all independent. At most n(n — 2) are independent, and
these may be written in the form

d 'R} ) . L.
axj EO, (1';6-7)' (1v] =2v rn)
1R (33)
2 (7 .
o, = 0. (2=3,---,n)

These conditions are both necessary and sufficient. They im-
ply among other things the (n — 1)(» — 2)/2 integrability condi-
tions of equation (14) of chapter v. On the other hand, if the
latter are postulated at the beginning, then equations (33) cease
to be all independent and can be reduced in number.

We have then n(n — 2) partial differential equations of the first
order. Subject to an equal number of arbitrary functions, the
general solution is uniquely determined. But empirically an ob-
servation of an expenditure path involves (n — 1) functions.
Hence, observation of more than n(z — 2)/(» — 1), or more than
n expenditure paths, could be used to disprove the possibility of
independence.

In words, the implications of independence are that the amount
bought of any good x; can be expressed in terms of its price p;,
the price of any other good p;, and the amount of expenditure upon
these two goods alone, i.e., upon the amount left over out of total
expenditure after all other goods are bought. Thus, the general
demand function

Xy = hi(?l, Tty Pm I)

can be written in the special forms
hi(ph Y PM I) = hij(?ir Pj» I + p"xi + prJ - ? phxk) (34)

for any 7 not equal to j. Subject to the conditions of (25) and
certain consistency relationships, these conditions seem to be
sufficient as well as necessary.
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Except for R. G. D. Allen’s derivation of equation (15) for the
two-good case, I am not aware that these full price-quantity impli-
cations of independence have previously been derived.” However,
fragmentary sets of necessary but by no means sufficient conditions
for independent goods have been derived by Slutsky and by Milton
Friedman.® They differ fundamentally from those above, and are
of a species which I choose to call local implications of independ-
ence. At a given point in the (X) space it may be possible to find
a transformation F(¢) such that

Fij=Foi+ Flow; =0  (i#}) (‘)%5)

Thus, if there are only two goods (x;) and (x.), this is always
possible at every point so that the local conditions degenerate into
trivial identities. At any point (X) = (x1, x2), let

_ P9 _ _enX)
Flo) ~ o@D’

Fu(X) = 0. (37)

This differs from the previous non-local conditions in that the
above relation is an equality at a point and not an identity.

In the general case of # goods a local transformation of this
type is possible only if the following relations hold,

p1e(X) i X) .
e1(X)oa(X) ~ @i X)pi(X) (E#j#=1)

These are [#(n — 1)/2 — 1] independent conditions, and as before
need 7ot be identities. Even if they hold everywhere, independence
ismot necessarily implied. If the local conditions hold, the bordered
determinant of the type given in equation (34) of chapter v takes
on a special form, and consequently certain restrictions upon the
demand functions can be derived.

Slutsky ® shows that

o = (= N, (B — g, Eostasrit), (39)
p p

7R. G. D. Allen, “A Comparison between Different Definitions of Complementary
and Competitive Goods,” Economelrica, 11 (1934), 168-175.

% Milton Friedman, *Professor Pigou's Method for Measuring Elasticities of Demand
from Budgetary Data,’’ Quarterly Journal of Economics, November, 1935, pp. 151-163.

¢ E. Slutsky, “Sulla teoria del bilancio del consumatore,” Giornale degli Economisti,
LI (1915), 23-26.

(36)
and

(38)
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where

d

Ku K Kin 57
2

Ki Ka K. 5%

p= - (40)

8%

Khl. K2n Knn -(%

0xy  dxy 9%n 0

aI aI al

and the subscripts indicate appropriate cofactors. Also

dlog (— X\
o - Gl(=N, a1)
in the notation of chapter v.
If an index exists such that

at a point, then

Or P ﬁ'i

T Prttiattaz | Prtlatlig

(5] 1) (43)

These are [n(n — 1)/2 — 1] independent and meaningful restric-
tions on the demand functions and completely exhaust the local
implications of the independence assumption.

I should also like to point out that equations (43) might be used
to determine the marginal utility of income if (1) independence is
possible; (2) that utility index which can be written as an additive
sum of independent utility is defined as the “‘true’’ cardinal index
of utility. I commend it to the attention of the never lacking
army of utility measurers.

Mr. Friedman has derived the following n(n — 1) local inde-
pendence conditions: '°

Nis _ _"_7_-‘_1_1 - km.-r) Nir [(ki - Iﬁ)___:f_k_ikj(mr ) M] 44
- ("ml — kit + N5 1 — kmjr (44)

Nii
In the two-dimensional case the restriction is vacuous.
1 Friedman, op. cif., p. 162.
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From the fact that their number is excessive, it is clear that
they cannot all be independent. In fact, I am unable to prove
that they are complele, i.e., equivalent to the above Slutsky condi-
tions; indeed, I would venture the conjecture that they are not."

It would be literally impossible for any individual to determine
by introspection whether or not his demand functions satisfied the
above relations. Indeed, the likelihood that such relations, se-
lected arbitrarily from an infinity of possible functional relations,
should hold is infinitely small. The minute amount of plausibilit

11 On page 162, footnote 2, Mr. Friedman argues against the admissibility of th\g
Pigou theorem that

. ) b b
T M when 2202 (*)
M3 mI M Ml

on the grounds that *. . . there is a presumption that 7 and k. [my notation] are

inversely related.” The whole problem is of course ambiguous until a particular set of
indifference curves are specified. Nevertheless, within the rcalm of probability and
presumption, Mr. Friedman's statement seems to be incorrect. In chapter v it is
shown that

3 b
1
2k
1

i.e., 2 weighted average of all income elasticities equals unity regardless of the number
of goods. The average k is given by

=1;

n

Sk

This approaches zero as the number of goods increases.

A survey of empirical budget studies will convince the reader that the income
elasticities are distributed around unity, while the proportions vary around 1/n.

See also A. C. Pigou and N. Georgescu-Roegen, ‘‘Marginal Utility of Money and
Elasticities of Demand,” Quarterly Journal of Economics, vol. L, no. 3 (1936).

The above Pigou theorem rests, nevertheless, upon the restrictive assumption of
independence. If it could be shown that it holds for small values of k./n.1 in every case,
it would be much more useful.

That this cannot be true in general is shown by the following special case. Let
consumption of # goods be completely “joint” in the sense that there are always fixed
proportions. Then regardless of the number of goods, n. = 1, and ni/n,y = 1. On
the other hand, it is easily shown that n,; = — x;p;/I. Consequently, ni/nj; = ki/kj.
Even though we make the k's become arbitrarily small as compared to the income elas-
ticities, their ratio may take on any value other than unity. Thus, the Pigou theorem
(*) is false.

Of course, this example rests upon discontinuities in the higher derivatives, but I
should think that we could approximate this condition by appropriate choice of con-
tinuous derivatives.
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to the proposition that independence is an admissible assumption
comes from the fact that the question is usually posed in such a
way that independence appears to be an intermediate class between
the extreme classes of competitiveness and complementarity. Em-
ploying a rudimentary concept of the equal probability of the
unknown, one is inclined at first blush to acquiesce to the inde-
pendence assumption. The error involved in so doing is obvious
from our previous discussion, completely aside from the crucial
ambiguity attaching to the older notions of independence and
complementarity.!?
COMPLEMENTARITY

In my opinion the problem of complementarity has received
more attention than is merited by its intrinsic importance. Never-
theless, as a result of the interest in this subject, crucial incon-
sistencies in the thought of Pareto were revealed by Hicks and
Allen, and much light was thrown on the cardinal and ordinal
conceptions of utility.

The older writers, Fisher, Pareto, and Edgeworth, suggested
as a qualitative definition of complementarity between two goods,
x, and x,, the sign of the cross derivative of the utility function;
i.e., goods were complementary, independent, or competitive de-
pending upon whether ,

Py =
%07, = 0. (45)
If one assumes only an ordinal preference field, all numerical utility
indexes are equally admissible. This cross derivative is not in-
variant in sign under a change in the index of utility. Consider
a monotonic transformation of ¢.

aF

U = F(o), -
Ui = _d—(—a @iy (46)

dF d*F

U, = do v + PP ©iVj.

12 It may ve argued that regarded purely as a working hypothesis the facts do not
sharply contradict the independence assumption. A little investigation reveals that
such a hypothesis has not been tested from this point of view. On the contrary, it is
implicitly assumed from the beginning in the manipulation of the statistical data.
Hence, one would have to go back to examine the original empirical data. It is interest-
ing to note that observations on three expenditure paths would be sufficient to contradict
the independence assumption in the case of two commodities.
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By a proper selection of the arbitrary term, d?F/d¢? the sign of
the new cross derivative can be made to differ from that of the old.
As a corollary of this lack of invariance, complementarity so defined
will have nothing to do with the budgetary habits of individuals
with respect to the two goods in question. Similarly, an indi-
vidual's introspective, spontaneous, intuitive designation of two
goods as complementary or competitive (sugar and coffee, beef gr
pork, etc.) corresponds not to such a measure as this, but rather
to behavioristic properties of the preference field and deman
functions.?®

In the course of the last five years the world’s best cconomists
have spent considerable time and energy in the study of Professor
Hicks's Value and Capital’* It is perhaps symptomatic of the
essential unimportance of the cencept of complementarity that in
this period no one seems to have noticed that the author gives two
or more distinct (and inconsistent?) definitions of complementarity.
The verbal definition in the text (p. 44) seems to be different from
that in the mathematical appendix (paragraph 8).!%

\

18 Hicks and Allen, Slutsky, and Schultz have suggested invariant measures of
\/ complementarity which are properties of the indifference curve system and demand
function. Perbaps the simplest measure of complementarity between two goods, x;
and x;, is the sign of
ax; ax; Kiipy
Ky=—++x,— =K, i = —— -
w=g ?i + x, ol . or €if %

If there are but two commodities, this must always be positive in sign; in the many
commodity case at least one must be of positive sign in order to satisfy the relationships

T piKi=0, (i=1--,n)
1

Ky <O,

Professor Leontief has suggested the following invariant measure of independence,
corresponding most closely to the old notions: -

agi 2 |°g( )

axﬁx; 9xi0x,

" Since the above lines were first written, Professor Hicks's two works, Value and
Capital and Theorie Mathematique de La Valeur, have appeared. I still believe, however,
that Hicks's own solid contributions to economic theory do not rest on his treatment of
complementarity, and that the extended discussion of the concept is a tribute to an old
love rather than the necessary consequence of the subject matter.

14 J. R. Hicks, Value and Capital (Oxford, 1939).

B Actually, there is still a third definition in the footnote on page 44. Only in the
case of three goods is it clearly equivalent to one of the other two; in the general case it
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This may be seen in many ways. While the mathematical
definition can be applied to the case where there are only two goods,
the literary definition cannot. (It is irrelevant that in the case of
two goods the mathematical definition of complementarity admits
of only one possible algebraic sense.) There is no reason why two
distinct definitions should give the same answer in any particular
case, so it is not surprising that one can invent examples ad inifini-
tum for which two goods, such as wheat and linen, are on one of
the definitions complements and on the other substitutes. But as
we shall see in a moment, things are in even a worse state. Ac-
cording to the definition of the literary text, it is possible for wheat
and linen to be complements and substitutes at the same time,
depending on the selection of the third good which is to serve as
numeraire. The definition is ambiguous; instead of reflecting the
properties of two goods, it (or rather they) represents the properties
of three goods.

The mathematical appendix definition gives as a coefficient of
complementarity between the 7th and jth good the element of the
¢th row and jth column of the matrix (y,*) where

x = ¥(p, U) (47)

represents in matrix notation the demand functions, for each
indifference level.

Because of the homogeneity property discussed in chapter v it
is clear that these # demand functions cannot be inverted to give
each p in terms of the x’s and U. Only relative prices can be
determined. We can use any one price as numeraire, discard one
of the above equations and invert the others so as to give (n — 1)
relative prices in terms of (n — 1) goods and the ordinal level of U.
It is most convenient to omit the quantity of the numeraire, xx,
and its demand equation. This gives us

% = kNi(xll 0ty X1y Xkg1y "ty Xy U)- (1' * n) (48)

is ambiguously worded, since the offer of the maximum amount of money by the con-
sumer to attain given amounts of the two goods in question will change the amount
bought of al other goods. 1t would appear that the author intends that all other (than
the two goods in question and the numeraire good) goods are to be held cons:ant, in
which case it becomes identical with the verbal definition. The difficulty may reside in
Hicks's unique use of the concept “money.”
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Let (*N;*) = N, be the matrix of this transformation. Then the
element corresponding to the sth price and jth quantity represents
the literary definition of complementarity. It can easily be shown
that this, like the first matrix, must be symmetrical. In fact, it
is necessarily negative definite, like the ¢ matrix.

These last two statements are consequences of the definition of
the inverse demand functions according to which '

{
Ni = ¥ (pr718,;), (49X

where i is defined to be the matrix formed by omitting the kth\‘
row and kth column from the original ¢ matrix. Since it is known
from earlier chapters to be negative definite, so too will be its
inverse.

While the diagonal elements of the NV and ¢ matrices must agree
in sign, being negative, the off diagonal terms need not agree in
sign except in the empirically unimportant case of three goods.
Even more important, the element in a given row and column of
the N matrix may be of different sign depending upon which good
is called money or numeraire. A single instance will suffice to
indicate this possibility. Suppose we have n goods in a preference
field that can be typified by additive utilities. Let all but the last
good have decreasing marginal utility. Then on the literary defini-
tion the first two goods will be substitutes if the third good is used
as numeraire; unless the last good has decreasing marginal utility,
when it is used as numeraire, the first two goods will be comple-
ments. There is no reason why one of the goods, which we may
call the last, cannot be an inferior good. Indeed, in the interesting
borderline case where one of the goods has constant marginal
utility, every pair of goods is independent on the literary definition
when the good with constant marginal utility is used as numeraire;
if any other good is used as numeraire, all other pairs not involving
the good with constant marginal utility are easily shown to be sub-
stitutes. But according to the definition of the mathematical ap-
pendix, all pairs of goods not involving the one with constant mar-
ginal utility must always be independent, whatever the numeraire.

A typical element of N, can be written out in terms of the slopes
of the indifference loci, and the reader may verify for himself the
dependence upon the subscript k.
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Walras was scrupulously careful in his use of the concept
numeraire. He distinguished between it and money, in the sense
of the portable, divisible, cognizable, durable, conventional com-
modity which served as a counter in performing exchanges.
Marshall, when he spoke of money, ordinarily meant nothing more
than income, as we shall see in the discussion of the constancy of
the marginal utility of income. Hicks seems to alternate between
the above uses, and a third sense in which money stands for a
composite commodity made up of all but one or two of the total
number of commodities. The result is a tendency toward am-
biguity, of which the above example is only one instance.

If complementarity is not of interest for its own sake, can it not
still be of importance as an indicator of conditions where certain
“‘abnormal’”’ phenomena are to be found? Thus, on page 71 in his
discussion of the stability of a general equilibrium exchange system,
Hicks says, “‘If income effects can be neglected, and if no comple-
mentarity is present, then the system of exchange equilibrium must
be stable.” It would seem, therefore, that the concept may be
useful in indicating where a stable system will break down. Un-
fortunately, this is not correct. The author has made a momentary
slip, as he has since indicated elsewhere. If income effects can be
neglected, then his matrix (X,,), being the sum of the negative
definite symmetrical matrices of all individuals, must itself be
negative definite and symmetrical. It must therefore be perfectly
stable on the Hicksian definition, regardless of complementarity.'®
If income effects cannot be neglected, then the matrix may be
asymmetrical; according to the author asymmetry tends to make
for instability. This is not quite correct. Pure asymmetry, and
nothing eclse, tends to make for stability; the neglected income
effects are the villains in the piece, and they do the most harm when
their influence is not spent in creating asymmetry.

Again in Hicks' discussion of the effects upon the ‘‘period of
production” of a change in the interest rate, the concept of com-
plementarity is introduced.’” But here, too, a correct rendition of
the sccondary maximum conditions shows that complementarity

18 Since these lines were first written, I find that Hicks has detected his error. Cf.
J. R. Hicks, “Consumers’ Surplus and Index Numbers,” Review of Economic Studies,
vol. IX, no. 2, p. 133, n. 2.

17 Hicks, Value and Capital, p. 222, n. 1 and p. 328.
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cannot be such as to make the Hicksian period of production de-
crease with a reduced interest rate.

The Hicksian average period of production is defined as the
elasticity !® of discounted value, C, with respect to changes in the
discount rate, 8 = (1 4+ ¢)~!. Mathematically, it is given by
(BdC/dB)/C. Its precise usefulness seems not to have been ex-
plicitly indicated. Among other things, the Hicksian ‘‘average
period”’ has the anomalous property of not being an “internal
mean,”’ i.e., one whose value lies within the limits of the greate::!
and least of the time periods being averaged. Thus, it cannot be|
considered a generalization of the simple Bohm-Bawerkian average’
period of production. For example, consider the trivially simple
“point-input-point-output’”’ case where 99¢ worth of input is in-
vested for one year to produce, say, $1.00 worth of output. The
Bohm-Bawerkian average period, which unlike the Hicks concept
requires a careful distinguishing between plus and minus items, is
one year regardless of the interest rate. The Hicks period is 100
years if the interest rate is zero and infinite if the interest rate is
one per cent. In fact, for the so-called ‘“marginal investment’ it
is always infinite. By introducing discount factors into the aver-
age, the author hoped, perhaps, to meet the Knightian objection
that the period is infinite; but in many cases he scems only to have
succeeded in making the finite infinite.!®

But this is not the place to go into the deeper Knightian objec-
tions to the Austrian theory. It will be sufficient, in passing, to
state what seems to be the only essential theorem relating produc-
tion planning to the interest rate. By the methods of earlier
chapters, it can be easily shown that where the firm acts to maximize

C = Xo + xlﬁl + xzﬁz + e + xn@m (50)

18 As its author indicates, here is an example of an elasticity expression which is not
dimensionless. For an analytic explanation of this the reader is referred to the first
section of my chapter vi.

B Actually, it is not always necessary to introduce discount factors in order to make
a process with infinite range yield a finite average. Many writers have shown how the
distant elements receive smaller weights so as to create a convergent infinite series.
Thus, imagine a perpetual stew, to which something is always being added and from
which something is always being taken out, at random. Some part of what is now being
added will never come out of the stew, just as some part of what is in the stew is of
infinite age. But it is a simple exercise in infinite processes to show that the average

age of the stew is finite, and the average expectancy of a particle's staying in the stew
is also finite.
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a change in the discount factors must see the following inequalities
realized

T Ax;AB; 2 0. (51)

If the interest rates for all periods are equal, and if we go to the
limit, we have the definite theorem

ZIZ (dx;/dB)jp~" 2 0. (52)

CONSTANCY OF THE MARGINAL UTILITY OF INCOME

I return after the above digression to an examination of another
special restrictive assumption with which the analysis of con-
sumer’s behavior is often burdened. For its own sake the problem
of constancy of the marginal utility of income is one of the least
important in economic theory, but it has given rise to an endless
amount of discussion, most of it not on a very high level, and it
therefore deserves brief notice here. Inasmuch as I have given a
rather complete analysis of this matter elsewhere,? I do not propose
to do more than summarize matters here, and to comment upon
some more recent contributions which became available after the
writing of the cited essay.?

As will be seen in the next section, constancy of the marginal
utility of income derives most of its importance from its relation-
ships, real and alleged, to the subject of consumer’s surplus. In
the beginning, it is well to point out that one ambiguity runs
through the whole literature; sometimes constancy is interpreted
to mean constancy, and at other times it is intended to mean
almost constancy. The last usage generally involves some sort of
limiting process; either the change in question is supposed to be
“small,” whatever that might mean, or the percentage spent upon

# P A, Samuelson, “Constancy of the Marginal Utility of Income,” Sludies in
Mathematical Economics and Economelrics: In Memory of Henry Schultz (University of
Chicago, 1942), pp. 75-91.

% A, Henderson, ‘‘Consumer's Surplus and the Compensating Variation,” Review of
Economsc Studses, vol. VIII, no. 2 (February, 1941), pp. 117-121. J. R. Hicks, “The
Rehabilitation of Consumers’ Surplus,” same issue as above, pp. 108-116. J. R. Hicks,
“Consumers’ Surplus and Index Numbers,” Review of Economsic Studies, vol. IX, no. 2,

pp. 126-137. Robert L. Bishop, “Consumer’s Surplus and Cardinal Utility,” Quarterly
Journal of Ecomemics, vol. LVII, no. 3 (May, 1943), pp. 421-449.
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some specified good is to be small, etc., etc. The problem is still
more complicated because the alleged result, itself rarely worded
unambiguously, is more often than not held to be “likely” rather
than necessary.? I think, therefore, that we shall accomplish more
if in the beginning we examine the literal implications of constancy
of the marginal utility of income to show rigorously the empirical
implications of this hypothesis.

We have already encountered the marginal utility of income in\
chapter v in the form of the —\ of equation (31). It is clear from \
the preceding equilibrium equations (29) that the marginal utility
of expenditure upon ecach and every commodity must be the same,
equal moreover to the marginal (rate of) utility derived from an
extra dollar of expenditure distributed optimally over all of the
goods.?

I have been meticulous in adhering to the usage of marginal
utility of ¢ncome, eschewing the more common terminology en-
countered in the literature of the marginal utility of money. This
brings up the second fatal ambiguity involved in the discussions of
this subject. Money has many different meanings in theorctical
discussions, ranging from an abstract non-metallic, non-paper, con-
ventional unit of account, to specific counters, to commodities
commanding wide acceptance in exchange, to any commodity taken
arbitrarily as numeraire, to income or expenditure. It is reason-
ably clear from everything that Marshall has written and from
the cast of his thought that he definitely intended to convey the
meaning of money simply as a euphemism for income or expendi-
ture, reckoned in pounds or dollars. In his own words, it is ‘“‘money
or general purchasing power.” 2* In particular, it was foreign to
his usage to think of money in the sense of numeraire, a concept
which is not even listed in his index.

This is a matter of importance when we coinc to ask the ques-
tion, with respect to what is the marginal utility of income or

2 This is another one of the numerous places where Alfred Marshall left matters in
a fog. It was part of the flavor of the man not to bring things to a sharp focus. But
what is forgivable in a genius cannot be tolerated among lesser mortals.

8 This is simply one example of the Wong-Viner theorem discussed in chapter
iii, p. 34; chapter iv, p. 66,

3 A. Marshall, Principles of Economics, 8ih edition, p. 838. For a more complete
dvios::uusnion and for detailed citations the reader is referred to my essay in the Schultz

me.
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money to be held constant? That Pareto might have interpreted
this to mean constant marginal utility of a particular commodity
chosen as numeraire, taken with respect to changes in the amount
of that commodity, is understandable in view of the Lausanne
usage. But that Hicks and others in the Anglo-Saxon tradition
should have thought this to be the Marshallian meaning is much
more surprising. Now at this date it is not a very significant ques-
tion as to what Marshall himself really meant, but it is of impor-
tance to show the implications of at least two distinct and incon-
sistent meanings. Furthermore, many writers have definitely
fallen into misstatements concerning the necessity and sufficiency
of parallel indifference curves (the geometrical embodiment of the
first of the above formulations) if various identities are to be
realized.?®

A closcr examination of equations (29) and (31) will show that
the marginal utility of income cannot be constant with respect to
everything. It is a function of all prices and income. If we were
to double all prices and income, the marginal utility of income would
have to become halved. For such a doubling of income and prices
would by the homogeneity property described in chapter v leave
all physical quantities unchanged, and hence all real marginal
utilities unchanged. But the marginal utility of income is given
by dividing each real marginal utility by the respective price.
With the numerator unchanged, and with the denominator doubled,
the whole expression must be halved. If the marginal utility of
income were constant with respect to all prices and also with
respect to income, it would have to be unaffected by a simultaneous
change in them all; since it must be halved by such a change, we
have a contradiction. Consequently, the marginal utility of in-
come cannot be invariant under changes in income and each and
every price.?

At most the marginal utility of income might be independent
of all but one of these (n + 1) magnitudes. We can set n first
partial derivatives equal to zero, but not (# + 1). Which n shall

% In addition there may be a misapprehension running through Hicks’s treatment
in his book and the two articles cited. As Bishop has pointed out, the problem is not
primarily one of whether or not income effects can be neglected. Further, there is the
question of keeping real income constant or “‘adjusting’ for changes in real income as

seems to be implied in certain of the Hicksian statements.
8 See Studies in Mathematical Ecomomics and Econometrics, p. 76.
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we choose? This can clearly be done in (n + 1) alternative ways.
One of these involves the constancy of the marginal utility of in-
come with respect to » prices, but not with respect to income.
Elsewhere 1 have argued that this is the pure Marshallian case.
The other alternatives involve the constancy of marginal utility
of income with respect to income and with respect to (n — 1)
prices, or with respect to all prices but one.” This is the second
hypothesis of constancy.

In the Schultz volume essay I worked out the implications of |
each of these distinct hypotheses. In terms of everything that'
has ever been observed concerning price and budgetary data, the
implications of each are highly unrealistic, although it is the second
of these which leads to really fantastic conclusions.

Before summarizing these empirical implications I should first
point out that the marginal utility of income, being from a formal
point of view a Lagrangean multiplier, must by the results of
chapter vi, p. 132, not be left unchanged if we go from one utility
index to another, as is our privilege in an ordinal preference field.
At each point, for each different utility indicator, we have a differ-
ent marginal utility of income. If the expression is constant for a
given movement when we are using one indicator, it will not be
constant if we use another indicator. If, to get rid of the minus
sign, we define a new expression to be equal to —), it is really
necessary to indicate the cardinal index of utility to which it applies.
We may represent the new expression by the letter m, and append
a subscript to indicate the utility index in question.

Then,

me = mv(ph b2 PmI) = —\= f(Pl, P2 - Pan D). (53)

As shown in the Schultz volume this function must be homogeneous
of order minus one; by Euler’s theorem on homogeneous functions
the sum of its elasticities with respect to each of the independent
variables must equal minus one, so that each cannot vanish.

37 The good whose price changes have an effect upon the marginal utility of income
need not be the commodity selected as numeraire, and it might prevent confusion if we
made a point of selecting some other commodity as “money,” especially since there is
no special reason within the scope of static theory why this special good should be
divisible, durable, and have all the other properties of money. Nevertheless, in the
literature the convention is followed of picking this good as numeraire.
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If we subject our utility index, ¢, to a monotonic transformation
to give us a new index, U = F(p), in terms of our new utility
index the marginal utility of income has the properties

my = F'(¢)m,,
dmu dm.,

da =Fda

do
[ da’ (54)

Since we can make F’’ of any sign, the marginal utility of income
can be made to change in any direction and amount we like, except
in the special case which I have discussed elsewhere.

Have we destroyed then all possibilities of speaking of constant
marginal utility of income? Not quite, since we need only assume
that there exists some one cardinal index (even if we ourselves pre-
fer to use another cardinal index, or no one cardinal index) for
which the strong, non-local restrictions of the two different hy-
potheses hold.

It is a mere exercise to show that the first, or pure Marshallian,
hypothesis implies that the income elasticity of demand for each
good must be unitary, and the price elasticity of demand for each
good in terms of its own price must equal minus one. Moreover,
the demand for each good is independent of changes in the prices
of all other goods. There must exist one way of numbering the
indifference curves so that utilities are additive and independent
in the old sense; actually except for arbitrary origin and scale the
utility function is a linear combination of terms like k;log x.,
where the % coefficients represent the unchanging proportions spent
upon each commodity, x. These implications are both necessary
and sufficient.

In view of the well-known Engel’s laws and numerous budgetary
studies it is hardly necessary to point out that this flies in the face
of all observable reality, even as a first approximation in the sense
of limitingly small changes.

Performing a scarcely more difficult exercise in connection with
the second hypothesis, it can be shown that it implies that the
demand for each good except the numeraire depends only upon its
own price in relation to the numeraire’s price, and is entirely
independent of income, money or real. The demand for the
numeraire depends in a corresponding way upon all prices and
income. These conditions are both necessary and sufficient.

+ F'm
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They imply among other things that the indifference varieties-are
parallel, their slopes being constant along the direction of change
in the numeraire good alone.

Of course no one has observed, and presumably no one ever
will, a preference pattern in which all of extra income is spent upon
one commodity.?® Note that this is not even approximately true
for instantaneous rates of change even when we neglect ‘‘second
order of smalls.”

Before we go into the reasons why anyone should ever ha
wished the marginal utility of income to be constant, a word mx
be said concerning the quasi-constancy of this magnitude. O \
course, for a very small change in the initial situation, the marginal .
utility of income will change very little, as with everything else in
the system. But this is simply a consequence of continuity, and
nothing else. It is quite another thing to say, and this is the
only important thing, that the rate of change of marginal utility of
income is small. Today the use of infinitesimals and of differ-
entials is rather out of fashion with mathematicians, although a
completely rigorous basis can be given for these processes. But
in the Victorian era when Marshall was in his prime, these were
old familiar standbys, and we may be sure that the man who was
second wrangler to the great Lord Rayleigh was well at home with
their use. It is strange, therefore, that he contented himself with
gratuitous, and I believe incorrect, statements that changes in the
marginal utility of income were of the “‘second order of smallness.”” 2¢
In the technical sense they are not; the fact that we are dealing with
what can be regarded as a second derivative is not relevant here.

If it may be of comfort to anyone cherishing a fondness for
constancy, the following formula may be given indicating how the
relative amount of expenditure upon a good ties up with the elas-
ticity of the marginal utility of income with respect to a change in

38 Perhaps King Midas was an exception, although his case involves certain dynamic
considerations outside the present scope. For a one commodity maniac of his type it
might not be inappropriate to measure all values in terms of the commodity in question;
thus, the food necessary to keep a book collector alive might be reckoned as simply some
fraction of a first edition of Adam Smith.

3 Marshall, Principles, p. 842. The small germ of truth in the argument concerning
“second order of smallness’ lies in the fact that if each of the half dozen different

consumer’s surplus concepts are plotted againts a variable price (later called p,*), then
at the original point, %, they all have the common tangent, — g..
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the price of this good.

Em, _ Em, . Ex,
Ep;"—k‘ _ﬁ+E—f (55)

Providing that the two expressions in brackets do not simultane-
ously become large, and the last of these must for all goods average
out to unity, then our left-hand clasticity must go to zero in the
limit as the per cent spent upon the good in question goes to zero.
But then of course any “‘surpluses’” connected with this good

become small, and there is no reason to distinguish between the
orders of smallness.

Way CONSUMER'S SURPLUS IS SUPERFLUOUS

Of course, the problem of constancy derives its interest, 1 will
not say importance, from the Marshallian concept of consumer’s
surplus, about which an carlier generation of economists were able
to indulge in much argumentation. Since many of the points in-
volved were essentially mathematical in character, and since most
of the antagonists did not go beyond literary methods, the discus-
sion was not able to advance beyond a certain point, although most
of the essential difficulties with the concept had been brought out.
Later when there came about a renascence of mathematical meth-
ods in economic theory, economists had lost interest in the problem,
and the subject lived on primarily in the elementary textbook and
in the classroom.

In the present writer's opinion this is as it should be. The
subject is of historical and doctrinal interest, with a limited amount
of appeal as a purely mathematical puzzle. These statements are
made in cognizance of the fact that Professor Hicks has recently
attempted to rehabilitate the doctrine of consumer’s surplus. It
would carry us afield from the present task to analyze his conten-
tions in detail, and so only a few ex cathedra remarks must suffice.

In the first place, any judgment as to the usefulness or lack of
usefulness of consumer’s surplus has nothing to do with the problem
of the admissibility of welfare economics as a significant part of
economic theory since nobody has ever argued that the latter sub-
ject presupposes the validity of consumer’s surplus. Can it then
be said that consumer’s surplus if not necessary, is nevertheless a
useful construct? Concerning this psychological question, no final
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answer can be given. Historically the important propositions

concerning increasing and decreasing cost indtfstries, which are

attributed to Marshall's consumer's surplus notions, may be said

at best to have been incomplete derivations, and at worst may be
said to be absolutely incorrect statements which, by a pun or play
on words, seem to resemble the Pigouvian doctrine concerning in-
dustries with external economies and diseconomies. In its earlier
form the Pigouvian doctrine is close to that of Marshall, but from
the writings of Knight and Pigou himself we know that earlier form
to be quite wrong.** To Pigou the problem is not at all one of
increasing or decreasing returns; it is only a question as to whether
each unit is taking account of its full effect upon social magnitudes
(other than prices), or whether it is not. If it is not, and that is all
that we mean by external economies, then there is of course need
to interfere with the ‘‘invisible hand.”” I have found nothing in
the written work of Marshall which suggests that he ever saw
matters in this way, and even if he had stumbled upon this result
by means of consumer’s surplus, it would not be the first time that
a correct theorem had been reached by incorrect, heuristic reasoning.
Also it may be said that the merits or demerits of the concept

in question have little to do with the applicability of partial equi-
librium methods to any particular problem. As for its connection
with the theory of index numbers, after the concept has been
renovated and altered, it s simply the economic theory of index
‘numbers in the Pigou, Kénus, Haberler, Staehle, Leontief, Lerner,

Allen, Frisch, Wald tradition.®

0 F. H. Knight, “Fallacies in the Interpretation of Social Cost,” Quarterly Journal
of Ecomomics, XXXVIII (1924), 582-606. A. C. Pigou, The Economics of Welfare,
4th edition (London: 1932), chap. xi and appendix iii.

3 In the Hicks derivations (Review of Economic Studies, vol. IX, no. 2, pp. 126-137)
certain well-known theorems which are exact are derived as approximations. Also his
most interesting result, that the difference between the Laspeyre and compensating
variation is equal to a generalized substitution term, is exactly true, not simply for small
movements, being a transcription of the familiar notion that the two terms differ in
consequence of the curvature of the preference field. The one application to welfare
economics in section 8 would be of interest only in connection with a (misdirected)
attempt to measure welfare in a cardinal sense: to say whether one movement is better
than the sum of the benefits of two other movements. And even if one were interested
in cardinalization of welfare, this would not be the way to do it, for it can be shown that
the value sums which are used in index number theory are of importance only for the
qualitative direction of change which they indicate; in general (except in the trivial case
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If one were to begin afresh to give answers to the following
problems, in no one of them would consumer’s surplus be necessa

or desirable: Should Robinson Crusoe, a Socialist state, or a 'tal;ly

ist economy build a particular bridg , OF a capital-

. e? Should indirect taxes be
preferred to direct taxes? Should discriminatory prices be allowed

if a uniform price will not keep an activity in business? Should the
number of firms producing differentiated products be reduced, and
in what way? Should a particular small industry be expanded or
contracted by means of tax or subsidy? etc., etc. Aside from their
extraneous inter-personal aspects, all of these questions can more
conveniently (and more honestly!) be answered in terms of the con-
sumer’s ordinal preference field.

It is for these reasons that my ideal Principles would not include
consumer’s surplus in the chapter on welfare economics except
possibly in a footnote, although in my perfect Primer the concept
might have a limited place, provided its antidote and alternatives
were included close at hand.

THE MaNY ForMs oF CONSUMER’'S SURPLUS

The Marshallian expression of consumer’s surplus does not refer
to any one thing but to at least half a dozen interrelated expres-
sions. It is only too easy to accept tacitly one of these as primary
and then to show that the others do not correctly measure this
magnitude. Thus, Professor Viner 2 argues that Marshall is in-
correct in using the area under the demand curve as an index of
the gains from trade because this magnitude does not coincide with
the amount which could be derived by an all or none offer, as if

of expenditure proportionality) they cannot constitute even an arbitrary cardinal index.
Some of these implications will be seen from an application of the Hicks result vo what
1 have called the pure Marshallian case. Let us suppose that utility “really’ is measur-
able in a cardinal sense and is given by the additive logarithmic form mentioned above,
so that demand for each good is unitary and independent of all other prices. Any two
goods will nevertheless be substitutes in the Hicksian sense; if it seems strange that
independence in the usual objective sense nevertheless implies substitutability in the
latter sense, the reader is reminded of the formal definitions laid down by Hicks. Be
cause each good is unaffected by a change in the other price, a change in both prices
together leads to exactly the same cardinal change in utility as the sum of each change
separately. Yet by the Hicks theorem of section 8 the combined reduction in price leads
10 a smaller “‘gain” than the sum of the two separate ‘‘gains,” an eminently gratuitous
conclusion.

2§ Viner, Studies in the Theory of International Trade (New York: 1937), chapter ix,
section iv.
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the latter were the primary and correct expression for consumer’s
surplus. As Bishop has shown,® the latter may be a worse ap-
proximation than the former to the cardinal utility gain, which
Bishop takes as the primary measure of consumer’s surplus.
Hicks first took the all or none magnitude as being the primary one,
but now adopts a fourth magnitude as primary, what he calls the
compensating variation. Which is correct can only be a question
of history of thought; which would Marshall have selected if con-
fronted with a one or none offer? Unfortunately this is no longer
an observably meaningful question. Although I think Marshal"\
would have agreed with Bishop, looking upon the other measures
as good or bad approximations, I prefer to treat no one as primary !
or privileged, but to give the relationships between each.

This was done in brief but fairly exhaustive fashion in the
Schultz volume essay, from which I append the following few pages,
copied verbatim except for minor changes.*

Before examining the Marshallian concept of consumer’s sur-
plus, let us consider the uses to which it is put. Among other
things it is proposed as a measure of the gain (loss) of utility that
results from a decrease (increase) in price of a single good. An
attempt also has been made to apply it to the analysis of the burden
involved in commodity taxation. It has been used to determine
the maximum amount of revenue that a perfectly discriminating
monopolist might exact from the consumer for a given amount of
the good in question.

Since only an ordinal preference field is assumed in the theory
of consumer’s behavior, there is really little importance to be at-
tached to any numerical measure of the gains from a price change.
In particular, one cannot fruitfully compare the gain derived from
a movement between two given price situations with the gain be-
tween two other price situations.?® Moreover, all valid theorems
relating to the burden of taxation can be stated independently of
any numerical measure of utility change. We should not be greatly
perturbed, therefore, if the concept of consumer’s surplus should

3 09p. cit., p. 421, passim.

3 Pages 87-90.

3 One can, however, compare the gains derived from a change in the basic price
situation with an alternative price change from the same basic situation, since this

resolves itself into an ordinal comparison of the alternative new situations. The initial
situation ‘“‘cancels out" so to speak.
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be found to be inadmissible. Its only advantage seems to lie in
its deceptively easy two-dimensional representation.

Consider an initial price and income situation, (p1°, - - -, pa®, I9),
and the corresponding amount of goods purchased, (x,¢, - - -, %,°%).
For any selected utility index, ¢, there will also be a given amount
of utility, ¢(X*). Suppose that a change is made in but one price,
p:, and income is left unchanged. There will be new amounts of
every commodity, (x:%, - - -, x,*), and of utility, ¢(X?), correspond-
ing to the new prices and income, (py, - - -, pa?, I?), or (ps°, - -
P&, ¢ -, Pa% I°), where p.? is less than p,e.

We are interested in the following magnitudes:

’

1. The gain (loss) in utility resulting from the price change, or
(X — o(X°).

2. The area between the demand curve of the sth good and the
p: axis within the range of the price movement, or

- f ' x.dpi.

s

3. The amount by which the expenditure on the 7th good in
the new situation is exceeded by the maximum amount of money
which the consumer would be willing to pay for x,* in preference
to trading at the old set of prices. (This may be negative if we
are dealing with a price increase rather than a decrease.) Call
this bE,,.

4. The amount of extra income which the consumer would in-
sist upon if he is to be as well off as in the new situation while
consuming the old amount of x,. Call this ¢E,,.

5. The change in income which will make trading at the new
set of prices as attractive as trading at the old set of prices with
the initial income. Call this *Al,,.

6. The change in income which will make trading at the old set
of prices as attractive as trading at the new set of prices with the
initial income. Call this °A7,;.3¢

According to the Marshallian doctrine of consumer’s surplus,
all six of these magnitudes are equal except for dimensional con-

38 Interchanging subscripts changes algebraic signs. Thus,
YAl = — *Als. °Alu, but not Al nor *Eq, can exceed 1.
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stants. We are explicitly warned, however, that his doctrine holds
unqualifiedly only when the marginal utility of income is constant,
and only if utilities are independent. 1 shall now examine the
value of each of these magnitudes in four cases: (a) in the general
unrestricted case of stable demand; (b) under the first interpreta-
tion of constancy of the marginal utility of income; (c) under the
second hypothesis when the <th good is not the numeraire; and
(d) under the second hypothesis when the ¢th good itself has con-
stant marginal utility of income. Only the most sketchy proofd
will be indicated.
In the general case we have the following relations:

2 )ap= [ 5 (5255) o
ot ox;

- m.;(p,ap)dp,— ~ [ mecdpe 0)

(X

o) — ox) = [ (4

bAL, = max (3 pix — 3 ppx,), where o(X) = o(X%), (57)
1 1

v

T p2(xp — %0, (58)

= ; (¢ — pP)xj (59)

If only the ith price changes, this becomes

ALy = (Pt — pd)x:= (60)
Similarly,

“Al = min (¥ pow; — L pixs),  where  o(X) = o(X") (61)

Al = 3 pio(x® — x;°), (62)
1

and, the ith price alone changing,
Als = T pe(ep — 57) = (b — pA)xe. (63)
1
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It is impossible in the general case ¥ to determine the relative
magnitude of *Al,, and °Al, or of 2E, and °E,,.

bAI ab % sAl aby bEab % qub' (64)
It can be shown in the two dimensional case that
Ox;
VEy = — f xdps + f Bi=p)gpdpe  (63)

where §; is the price which would have to prevail for the consumer
freely to select the batch of goods which he actually does consume
when presented with an ‘““all or none’ offer by the perfectly dis-
criminating monopolist. The first term on the right-hand side of
equation (65) is the area under the demand curve. The second
‘“‘correction’” term may be of either sign.® It also follows from
the definition of °Al,, that

'Alsy = *Eas and ‘Al sy = °Eg. (66)
In case (b) we find
*Eap < Al < Al = °Eg, (67)
and
Al > #X) . oX) _ f " edps > Ea®  (68)

The following relations must be satisfied in case (c):

e(X?) — o(X®) _ _ f""

m. xxdpi

= bEnb = bAIab = aAIab = %[Lgp. (1‘ > 1) (69)
37 If we rule out the inferior good phenomenon so that demand is “‘normal,”

Al < °Alg and bEa < %Egs.
Actually,

b
Wala = oBlw = [ La(pit, - by B B = B, < pa -y 4, ) M

A i

For sufficiently small changes in price, concept 2 will always be halfway between any
corresponding pair of A's, or E's, etc.

3 In the “normal’’ two-dimensional case it will be of negative sign; i.e., a perfectly
discriminating monopolist will be able to exact less than the area under the demand curve
from the consumer.

# The last of these inequalities will certainly hold in the two-good case. I have
not developed a satisfactory proof that it holds for the n-dimensional case.
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Although this is not the Marshallian interpretation, consumer’s sur-
plus seems to be most justified in this case. However, the above
equalities cannot hold simultaneously for every good.*?

For case (d) equation (67) must hold with the possible exception
of the inequality referred to in a previous footnote, but (69) is
definitely false.

Other results may be extended in at least two directions. More
than one price may be permitted to change, and also income, with-
out changing many of the inequalities.#* This may be left to th
interested reader as an exercise. Also we may attempt to deriv§
rigorous inequalities in the » commodity casc. This offers con
siderable complexities in connection with concepts (3) and (4). !

# Case (c) is sufficient to insure the equalities of equation (69). Some of them may
hold in other cases.

4 In general, line integrals will replace simple integrals with the path of integration
of the former a matter of no consequence.



CHAPTER VIII
WELFARE ECONOMICS

BEGINNING as it did in the writings of philosophers, theologians,
pamphleteers, special pleaders, and reformers, economics has al-
ways been concerned with problems of public policy and welfare.
And at least from the time of the physiocrats and Adam Smith
there has never been absent from the main body of economic litera-
ture the feeling that in some sense perfect competition represented
an optimal situation. Of course, over time the exact form of this
doctrine has undergone modification (not always in any one direc-
tion), and there is considerable diversity in the attempted proofs
(in the amazingly few places where rigorous proof was attempted).

Although this doctrine is often thought to be conservative or
reactionary in its implication and to reflect the ‘kept’ status of
the economist, it is important to emphasize that it was ‘‘radical”
in the eighteenth century, and there is some evidence from events
of the last decades (e.g., the T.N.E.C. and economists’ role and
views with respect to Anti-Trust) that it has become a thorn in
the side of what are usually thought of as conservative interests.
Furthermore, some Socialist writers, who in their youth became
interested in analytical economics, find in this doctrine a possible
device for expediting planning in a socialized state.

Early uncritical allegiance to this doctrine arose in part from
the understandable eighteenth-century tendency to find teleological
significance in the workings of what is after all an equilibrium sys-
tem which is not devoid of aesthetic content regarded simply as a
mechanism.! But it would be unfair to the older economists to
believe that their case ended with a simple argument from design,

1 It would be out of place here to discuss the relationship of this doctrine to that of
“natural rights”; to that of competition as an immutable law with which man cannot
interfere even if he should wish to; to the inverted doctrine of natural selection whereby
the results of competition were judged to be best by means of a circular definition of the
“fittest” as those who survive; to the Malthusian view that hardship and competition
are necessary to bring out the “best” in a man; to the view that competition was good

enough for our predecessors and therefore good enough for us; and other arguments
designed to preserve the stalus guo.

203
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even if such a charge can be sustained with respect to certain
Epigoni.

This can best be seen in the writings on International Trade
where the issue of the tariff brings out most clearly the welfare and
policy beliefs of economists, even down to the present day. For
free trade is but one dramatic exemplification of pure competition,
and in this field formal attempts at proof were made, or we can at
lcast in many cases piece together the implicit beliefs of the author.

1. Perhaps the most common reason for believing competition
to be optimal stemmed from the recognition that no party could be"
hurt by exchange as compared to his position before trade, since
he could always refuse to trade. Thus, trade is better than no trade;
exchange s mutually beneficial; one party does not gain what the other
loses. If we examine the argument carefully, we find that it does
not really imply that pure competition is optimal, even though
properly interpreted it can provide a case against prohibitive tariffs.

2. A second more sophisticated argument, which includes the
first and more, rests upon the fact that the equilibrium position
reached in pure competition represents an optimum for cach indi-
vidual, consistent with his original endowment of commodities and
the market situation with which he is confronted. But every indi-
vidual may be making the best of a situation without implying
that that best is very good or is optimal; although each individual
in pure competition takes price as given, for the market it is a
variable, and it is quite possible that conditions other than pure
competition might lead to better results in terms of any of the
usual ethical notions. But, leaving aside all ethical notions, is it
not equally clear that under (say) monopoly, both buyer and seller
are doing the best that they can for themsclves under existing
market situations? The only distinguishing feature of pure com-
petition, as compared to any other mode of behavior, is that the
market conditions facing each individual are taken (by him) to be
“straight lines” involving trade at unchanging price ratios. And
it is precisely the question of the sense in which this is optimal
which is left unanswered.

It does not appear that Walras ever reached beyond this second
stage of the argument.? His cardinal failing consists not so much

* Compare the very penetrating remarks of Wicksell on this point. K. Wicksell,
Lﬂ“ﬂl s :;; on Political Economy (English translation, New York: Macmillan, 1934),
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in the fact that he jumps from incomplete premises to sweeping
conclusions, but in the fact that he is satisfied with this very limited
kind of an optimum, which by a play on words he seems to confuse
with the more usual and important senses in which perfect compe-
tition is conceived to be optimal.?

3. Still a third stage of reasoning attempts to show, not that
each individual is made best off by competition since this is im-
possible unless each can take all, but that in some sense the sum
total of satisfactions is maximized, that perfect competition effects
an ideal compromise of mutual benefit, or in its most nebulous
form that free trade (perfect competition) maximizes world (all
individuals’) sncome. Of course, this involves the notion of adding
the utilities of different individuals, of somehow being able to com-
pare and weight the utilities of different individuals. Although
the marginal utility economists, with the exception of Jevons who
made an interesting slip in connection with the concept of the
utility of the ‘‘trading body,” knew that it was not necessary to
make interpersonal comparisons of utility in describing exchange
under pure competition, they nevertheless did not have the modern
reticence about making such assumptions.

Launhardt seems to have been the only economist who at-
tempted to give rigorous proof of this theorem. As Wicksell has
pointed out in the section just cited, his argument is mathematically
and logically false. Yet he must be given credit for having made
an attempt at rigor, and we can learn more from his unambiguous
failure than from many pages of fuzzy literary effusion.

To many modern economists the difficulty with this third line
of reasoning lies in the fact that it assumes that the utilities of
different individuals can be compared, in fact added together.

3 [f interpreted literally, he would seem to imply that each and every person is made
better off by perfect competition, a conclusion which, as Wicksell observes, goes farther
than the free traders themselves, ‘‘for the latter have not denied that a restriction of free
competition might be most advantageous to a small privileged minority.” Ibid., p. 76.

Actually there is one qualification in Walras' argument which makes it not so much
wrong as trivial. He maintains that perfect competition creates a maximum of satis-
faction, consistent with trading at uniform prices. Waiving the trivial objection tha.t
under nondiscriminating monopoly trading is also done at uniform prices, 1 ﬁt.ld this
confusing. Except for positions of multiple equilibria which we may provisionally
ignore, the equilibrium position under competition is uniquely determined. Instead of
being the optimum condition under these conditions, it is the only one possible. Thus,
it is the worst position as well as the best.
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This they would regard as “unscientific.”” But to the preceding
generation of economists, interindividual comparisons of utility
were made almost without question; to a man like Edgeworth,
steeped as he was in the Utilitarian tradition, individual utility—
nay social utility—was as real as his morning jam. And with
Marshall the apostrophe in consumers’ surplus was always after
the s.

Both Marshall and Wicksell objected to what they considered
to be a prevalent notion that perfect competition leads to the
maximum of satisfaction. Both enter as a minor objection the fact:
that there may be multiple positions of equilibrium; actually this’
is largely irrelevant since each stable equilibrium might be a rela-
tive maximum as compared to points in its immediate neighbor-
hood (im kleinen) even if it were not the maximum maximorum.
But their major objection consists in the fact that with existing
distributions of wealth and ability, the processes of imputation
under competition will give rise to great inequalities in the personal
distribution of income so that unless individuals are very different
in their natures the marginal utilities of income will not be equal
for each individual. Both recognize that in these circumstances
any interference (2 la Robin Hood) with perfect competition which
transfers income from rich to poor would be beneficial.

4. It might be thought that at this stage Marshall and Wicksell
would enunciate a fourth proposition, that exchange under perfect
competition is optimal provided the distribution of income is
optimal. In the case of Wicksell the proof which he gives (Lectures,
p. 80) to show why perfect competition is not optimal when the
distribution of income is inappropriate paves the way for a proof
as to why perfect competition is optimal when the distribution of
income is appropriate. Wicksell also realizes that when the dis-
tribution of income is not optimal, the creation of a condition of

4 Actually his proof seems to suffer from one minor drawback. In effect, his evalua-
tion of the change in utility resulting from a change in price from the competitive level
assumes that in the noncompetitive situation all individuals are still on their offer curves.
Strictly speaking, this is not possible. It would perhaps be correct to say that his proof
(with slight modifications) shows that transfer of goods or income from one individual
to another could not improve the competitive conditions. There is also an unfortunate
minor slip in expression, perhaps in translation, in the statement that ‘free competition
would secure a maximum satisfaction fo all parties to the exchange.” (Ibid., p. 81, my
italics.) Actually, it is the sum of all and not the utility of each that is maximized.
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imperfect competition may improve the situation, but that this
is not the best way of improving the situation, since perfect com-
petition is a necessary condition to ‘“maximize production.” I
return to this point a little later in this historical review.

Although inappropriateness in distribution is thought by Mar-
shall to render the competitive position suspect, he was of the
belief that many decisions involve alternatives which affect all
classes more or less equally. He has been criticized for this too
facile assumption, but it is nevertheless true that many modern
economists, and this includes some purists, by use of the principle
of sufficient reason (or is it insufficient reason?) argue in such terms
for or against a price change of a commodity which is not presumed
to relate more to the poor than to the rich.

However, aside from problems raised by the inappropriateness
of the distribution of income, Marshall had important objections
to the equilibrium position realized under perfect competition.
These objections resulted from his analysis of consumers’ surplus,
an analysis which was regarded as almost the most significant
contribution of his Principles. By a comparison of geometrical
areas he arrived at the conclusion that increasing cost industries
would be pushed to too great a margin under competition, and that
the output of decreasing cost industries would be too small under
competition. From the modern standpoint it is clear that these
conclusions are true in only a very limited sense. And if Marshall
did arrive at con<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>